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ABSTRACT

This thesis is devoted to the Bloch wave method which is a spectral method in the
theory of homogenization. Homogenization theory can be traced to the study of
composite materials, where the equations contain a small parameter representing
the scale of heterogeneities in the material. The Bloch wave method was developed
by Conca and Vanninathan. It relies on the direct integral decomposition of
periodic elliptic operators. The spectrum of such operators is a union of intervals
and spectral edges determine a variety of physical phenomena. Homogenization
may be thought of as one such spectral edge (or threshold) effect. As such,
the Bloch wave method relies on regularity properties of the spectral edges, i.e.,
smoothness of Bloch eigenvalues close to a spectral edge and structural properties
of the coefficients, i.e., periodicity.

The first part of this thesis consists of studying the regularity properties
of spectral edges. Generic simplicity of spectral edges under various regularity
assumptions on the coefficients is proved. In particular, a perturbation of the
coefficients results in a spectral edge which is attained by only one Bloch eigenvalue.
It must be recalled that for the applications to homogenization, it is necessary to
consider coefficients that are only measurable and bounded. By employing such a
result, certain resolvent estimates for internal edge homogenization are established
for a multiple spectral edge.

The second part of this thesis extends the Bloch wave method to a class of
media not satisfying the structural property of periodicity. This task is performed
for almost periodic media through periodic approximations on cubes of increasing
size. On the way, an interesting module containment result is proved. A rate of
convergence result for approximate homogenized tensors is also proved under a
decay condition on a modulus of almost periodicity. This decay condition subsumes
the well-known Kozlov condition for quasiperiodic coefficients. Finally, Bloch wave
homogenization is achieved for quasiperiodic operators by lifting to degenerate

periodic operators.
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bounded functions on Q.
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CHAPTER 1

INTRODUCTION

This thesis is concerned with asymptotic analysis of partial differential equations,
specifically theory of homogenization. Qualitative homogenization theory proposes
effective macroscopic equations for equations with highly oscillatory coefficients.
The size of oscillations is denoted by a small parameter € and the effective equation
is obtained in the limit as € — 0. Therefore, the qualitative theory answers
the important physical question of which models are valid at what scales. On
the other hand, the quantitative theory of homogenization aims to construct
approximate solutions and establish corresponding rates of convergence, which
exploits compactness methods to establish regularity results. This regularity theory
relies on the fact that the homogenized tensor is a constant matrix in many cases
and therefore has more regular solutions. The regularity of the limit solution
is used to prove uniform regularity results for solutions at the e-scale. In this
chapter, we will describe the theory of homogenization, spectral theory of periodic
operators, Bloch wave method of homogenization and our contributions to these
areas of research.

We will study the prototype operator which exhibits all the phenomena that
we wish to explore: viz. the second-order elliptic operator in divergence form,
given by

Au = —div(A(y)Vu) = —% (akl(y)aa—;), (1.1)
where summation convention over repeated indices is assumed. Throughout this

thesis, we shall make the following assumptions on the entries of the matrix A.

(Al) The coefficients A = (ay(y)) are measurable bounded real-valued functions

defined on RY. In other words, aiq € L®(RY).

(A2) The matrix A = (ay) is symmetric, i.e., an(y) = ar(y).
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(A3) Further, the matrix A is coercive, i.e., there exists an o > 0 such that

VveRYand a.e.y € RY (A(y)v,v) > v (1.2)

We shall additionally impose structural conditions on the coefficients of the operator.
In the earlier part of the thesis, the entries of A are assumed to be periodic;
whereas, in the later parts, the entries of A will be almost periodic. The notion of
periodicity and almost periodicity will be defined in due course. The introduction
chapter is planned as follows — In Section [1.1, we will state the central problem
of homogenization theory and the main theorem in periodic homogenization. In
Section [1.2, we will describe the Bloch wave method in considerable detail. In
Section (1.3, we shall discuss parametrized eigenvalue problems, of which, Bloch
eigenvalue problem is an example. In Section |1.4] we shall explain the notion of
spectral edge of a periodic elliptic operator and discuss how it appears in Bloch
wave method. In Section [1.5, we review the internal edge homogenization theorem
of Birman and Suslina. In Section [1.6], we shall review the homogenization theory
of almost periodic media and compare it to periodic homogenization. In Section|1.7
we will describe our contributions to the topics discussed in the previous sections

and compare them to available literature.

1.1 'THEORY OF PERIODIC HOMOGENIZATION

In homogenization, one studies the limits of solutions to equations with highly

oscillatory coefficients, such as
Lu =0 in Q c R

Suppose that, as € — 0, u® converges to u* in an appropriate sense, often
weakly in some function space. Then, the aim of theory of homogenization is to

derive an effective operator L* such that
Lu =0 in Q.

A concrete example where such a problem arises is that of composite materials.
Composite materials are obtained from a number of small-scale constituents in
different configurations. Their size is much smaller compared to the global dimen-
sion of the composite. At the microscopic level, such a material is heterogeneous,

whereas at a macroscopic level, the material looks homogeneous. Homogenization
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gives the macroscopic description of the composite material which is heterogeneous
at the microscopic level.

To fix the notions, consider a model for heat conduction through a material.
This is given by a partial differential equation of the form

Au=-V-(AVu(y)) =f(y) in Q (1.3)

u=0on 0Q)
where A represents the conductivity tensor for the material, u represents tempera-
ture, f is the heat source and Q is a bounded open set in R¢. A is a constant for a
homogeneous material, however for a composite, A would be a function of x € Q.
In fact, it would be a highly oscillatory function. To simplify matters, and indeed,
as is the case in many physical applications, we could assume the configuration of
heterogeneities in the composite to be periodic. In later chapters of this thesis, we
shall also consider almost periodic configurations.

To introduce periodicity, we define a reference cell Y = [0, 271)¢ , and cover R¢
with translates of Y. In the reference cell, the tensor A is a function of period 27,
hereby, called, Y-periodic. The space of measurable bounded periodic real-valued
functions in Y is denoted by LEO(Y, R). Hence, ay € LB’O(Y, R). In many instances,
we will identify Y with a torus T¢ and the space L2(Y,R) with L>(T4, R), in the
standard way. Let € > 0 be a small number much less than 1. To introduce
heterogeneity in the form of arbitrarily small period, we repeat the same procedure
with €Y instead of Y. Now, the domain Q) is covered with a lattice of period €Y.

X

€Y-Periodicity is introduced in the conductivity tensor by writing A¢(x) = A (—)

€

The problem becomes

Aus = —div(A¢(x)Vué(x)) = f(x) in Q (1.4)
u¢®=0on 0Q
By a simple application of Lax-Milgram lemma, we conclude that the solu-
tions of equation , u¢ are uniformly bounded in H' norm. Therefore, for a
subsequence, u¢ — u* in Hg)(Q)-Weak. We shall characterize u*, in the sense that
we shall find a tensor A* so that the following holds

—div(A*(y)Vu'(y)) = f(y) in Q (1.5)
u =0 on 0Q).

The effective matrix A* is given in terms of the solutions of the cell problem,

known as correctors. All of this information is collected in the following theorem:
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Theorem 1.1. Let Q be an arbitrary domain in RY and f € L*(Q). Let

u¢ e H'(Q) be such that u¢ converges weakly to u* in H'(Q), and
—div(A¢(x)Vus(x)) = f(x) mn Q. (1.6)
Then, the limit u* satisfies the homogenized equation:
A = —div(A'Vu') =1 in Q. (1.7)

The homogenized coefficients A* = (ay,) are given by

1 J 1 J ow!
a,=— | a dy+ —=| a — dy, 1.8
Kkl Yy w(y) dy Yl Jy kp(U)ayp Yy (1.8)

where the corrector w' € H;(Y)/R, L=1,2,...,d satisfies the cell problem:
—div(A(e,+Vw')) =0 n Y. (1.9)

Various methods exist for obtaining homogenization limits such as the formal
method of two-scale asymptotic expansions [SP80, BP89, BLP11], method of oscil-
lating test functions [CK97], two-scale convergence [Ngu89, [All92], gamma conver-
gence [DM93|, Bloch wave method [CV97], method of periodic unfolding [CDG18].

Further, for a broad introduction to the area of homogenization see [BP89),
BLP11), JKO94, BD98g|, [CD99, |All02, IMKO06|, [CPS07, [Tar09]. For an exhaustive
account of quantitative theory of homogenization for periodic and stochastic media
see [Shel8, [AKM19] respectively.

1.2 PERIODIC HOMOGENIZATION BY BLOCH WAVE
METHOD

Differential equations with periodic coefficients have been studied by mathemati-
cians such as Hill, Mathieu and Floquet since 19th century and the equations as
well as the theory bear their name. F. Bloch rediscovered aspects of this theory
for Schrodinger operator with a periodic potential in connection with solid state
physics. The Bloch wave method, developed by Conca and Vanninathan [CV97],
uses the spectral theory of periodic differential operators in L*(R¢) to characterize
the homogenization limit.

In the context of homogenization, some early works where Bloch waves make
an appearance are [Sev81), Tur82) [Zhi89) [SS91] The book [CPV95| contains a

wealth of information on Bloch waves as applied to fluid-structure interaction
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problems. The Bloch wave homogenization was formalized as a framework for
periodic homogenization in [CV97]. Ever since, this framework has been applied
to non-selfadjoint problems [SGVO04], system of elasticity [SGV05], Maxwell’s
system [SEK"05|, domain with holes [DOSQ9], Stokes system [ACFOO07, AGV17],
etc. It has also been combined successfully with the theory of two-scale convergence
to study a variety of evolution problems |[ACP™04, [AP05, [APR11), [APR13]. More
applications to dispersion limits appear in [DLS14], [ABV16, BG19|.

The works cited above mostly deal with qualitative aspects of homogenization.
Quantitative aspects of Bloch wave homogenization were first studied through the
Bloch approximation in [COV02, [COV05]. Norm resolvent estimates were obtained
in [BS04] using Bloch decomposition and perturbation theory. Operator theoretic
techniques have further been exploited to study critical-contrast media in [CEK19].

The process of Bloch wave homogenization may be split into the following

steps:

1. Spectral decomposition of the periodic operator using Bloch waves.

2. Convert the periodic equation into a family of elliptic equations in Bloch

space.
3. Regularity of the Bloch eigenpairs in the Bloch parameter.

4. Localization and passage to limit.

1.2.1 DIRECT INTEGRAL DECOMPOSITION

The differential operators that arise in mathematical physics are usually self-adjoint
with compact resolvents, however, a differential operator in L?(R¢) rarely have
compact resolvent. Hence, spectral theory of differential operators in L?(R%) is not
very well developed. In a first step, under the additional structural assumption
of periodicity, the operator ‘A will be decomposed as a fibered operator called a
“Hilbert bundle”. This decomposition is called a direct integral decomposition. In
a second step, the spectrum of fibered operators is given by Bloch eigenvalues and
they can be diagonalized using Bloch eigenfunctions. Moreover, the spectrum of A
is found to be the union of Bloch eigenvalues.

A rigorous development of direct integral decomposition may be found
in [Mau68|. In this abstract theory, the symmetries associated with translation

operators and the operator A induce a decomposition of the Hilbert space L?(R¢)
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and a corresponding decomposition of the operator A as a direct integral whose
fibers act distributively over the fibers of the decomposed Hilbert space.
Physically, the motivation comes from asking what kind of waves are sup-
ported by a periodically heterogeneous medium. It is known that plane waves are
supported in a homogeneous medium. This physical statement may be interpreted
to mean that plane waves act as generalized eigenfunctions for the Laplacian in RY.
Therefore, we may ask what kind of eigenfunctions 1 exist for periodic operators.
The answer to this question is motivated by the linear algebra fact that a family of
commuting diagonalizable matrices can be diagonalized simultaneously. A periodic
operator commutes with translation operators corresponding to translations by
periods. These translation operators, given by T,y (y) = Y (y + p) for p € Z¢, are
unitary and therefore their eigenvalues are complex numbers of modulus 1. Hence,

the eigenfunctions satisfy the following property:

T (y) =Wy + 2mp) = ™ P (y), p € Z°.

The functions satisfying the second equality are known as (1, Y)-periodic functions.

This property is invariant under Z%-shifts of 1, hence, without loss of generality

11\
we make the restriction that n should vary in n € 3 Z) .
Clearly, there is a one-to-one correspondence between (1, Y)-periodic and

Y-periodic functions. This is achieved by the following transformation

Y(y) = e™oh(y),

where 1\ is (n, Y)-periodic and ¢ is Y-periodic. The above relation is called the
Floquet ansatz. In fact, every (1, Y)-periodic function can be written as a product
of a periodic function and e™V. Hence, looking for (1, Y)-periodic eigenfunctions of
A is the same as looking for Y-periodic eigenfunctions of the new ‘shifted’ operator

. . 0 0
— oMYy gLiny SN — 11 1.10
AM) =e AeMY = (ayk + mk) ax(y) (591 + 1m), ( )

This is an unbounded operator in Lé(Y), the space of all L%OC(IR,d) functions that

are Y-periodic.

The heuristics developed above can be formalized mathematically as follows.

1 1\
—) as the

We shall refer to Y as the basic cell for the lattice 21Z¢ and Y := [_E’ >

basic cell for the dual lattice Z4 in RY.
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1. Direct integral decomposition of [?(R%): Given g € D(RY), we define its

Gelfand transform as

g:(y,m) = D gly + 2mp)e I,
pezd
This is a function in the Bochner space LZ(Y',Lﬁ(Y)), which is the space
of all Lﬁ(Y)-valued maps 1 € Y +— wy(-,m) such that the norm function
ne— ||uﬁ(r|)||L§(Y) is in L?(Y'). The map g — g; is an isometry from D(RY),
equipped with the [2-norm, to L?(Y’, Lﬁ(Y)) and hence it may be extended to
a unitary isomorphism from L?(R¢) to L*(Y/, Li(Y)). The space L?(Y/, L;(Y))
is the direct integral with the constant fiber ﬁ Li(Y) dn.

2. Direct integral decomposition of A: Then, the operator A in L*(RY) is

unitarily equivalent to the fibered operator
S
J, Am)dn
Y
in the Bochner space LZ(Y',Lﬁ(Y)). Ifue DA and u = [, w(;n)dn
then u; € D(A(M)) and the operator f? A(n)dn acts on uy € LZ(Y',Lg(Y))
distributively, ie.. (J‘?? ﬂ(n)dn)uﬁ(~,n) — [D AMw(,n) dn.

3. The spectrum of A is union of the spectra of the shifted operator A(n) as

1 varies over Y.

This situation is expressed in the commutative diagram below.

L2(RY) A, L2(RY)

) !
v, ) 20 ey )

Here, G denotes the Gelfand transform. The proof of these facts may be found
in [RS80, [Fel00, Fol16].

1.2.2 BLOCH DECOMPOSITION

In the previous subsection, the space [?(R¢) was identified with [2(Y; Lﬁ(Y)) and
the operator ‘A was identified with a fibered operator. In this subsection, we shall
solve the eigenvalue problem associated with the fibers of the direct integral. These

eigenvalues will be called as Bloch eigenvalues.
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The eigenvalue problem associated to the operator family A(n) is posed in

the space

HI(Y) ={d € H|,o(RY) : (y + 27p) = d(y) a.e. y € RY, p € Z7).

The following bilinear form is associated to A(n):

afn)(wv) = L aly) (%‘ ; im) (% ; mk) dy.

In order to solve the eigenvalue problem for A(n), we prove that it has a

compact resolvent. We first look at the problem of invertibility, i.e.,
Given f € L§(Y), find u e H;(Y) satisfying a(n)(u,v) = (f,v) Vv e H;(Y).

Now, although the bilinear form a(n) is not coercive, a translation of a(n)
in the lowest order is coercive. It will suffice to prove the following Géarding-type

inequality.

Theorem 1.2. There are positive numbers «, 3 such that for all u e Hg (Y), the

following equality holds
am)(ww) + alfullyy g = Bl - (1.11)

A proof of a similar inequality in the context of elasticity equation may be found
in [Ros87, BLP11), [CPV95]. As a consequence, by the standard spectral theorem
of compact self-adjoint operators, A(1) has an increasing sequence of eigenvalues
and an orthonormal basis of Lg(Y) composed of corresponding eigenfunctions, for
every n € Y. Let (Am(M))3_, denote the sequence of increasing eigenvalues for
A(n), counting multiplicity. Let (¢pn(n))5_, be the corresponding eigenfunctions.
The functions 1 +— A,,(n) are known as the Bloch eigenvalues of the operator A.
They are also often called as band functions. The corresponding eigenfunctions
are called Bloch eigenfunctions. This allows us to further decompose the direct

integral as a diagonalization. In particular, the Bloch transform maps [?(R¢) to
L2 (Y, 62(IN))

Theorem 1.3. Let g € L?(R%). Define the m'™ Bloch coefficient of g by
Bgn)i= | gyl hulyim) dy, meN, neY.  (112)
R

Then, the following tnverse formula holds

J ZBmQ )dm(y;n)e¥™ dn. (1.13)
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Further,
Igl2 g ij Brg(m) dn. (1.14)
For g € D(A),
Bn(Ag)M) = AnM)Brngm). (1.15)

The proof may be found in [SGV04] and [SGV05].

Now that the Bloch decomposition of the operator A is achieved, we shall
repeat this process to bring about the Bloch decomposition at the € — scale,
i.e., the Bloch decomposition of operator A¢ = —div(A¢(x)V). This operator is

unitarily equivalent to a direct integral, given by

P
J A(E)dE, (1.16)

Y'/e
We shall denote the eigenvalues and eigenfunctions of A(&) by
(AL (&), PS () &) )men- The Bloch eigenvalues and Bloch eigenfunctions of A and
A are related by the following equations.

Ma(8) = e Anled), d7, (i &) = dm(x/e5el). (1.17)
This yields a Bloch decomposition of [?(R¢) at the e-scale.
Theorem 1.4. Let g € L(RY). Define the m™ Bloch coefficient of g as
Br9(&) = J}Rd g(x)e’ix'am dx, meNN, §eY/e. (1.18)

Then, the following tnverse formula holds

g = | Y BrglegnlxEet de. (1.19)
Y//em:1
Further,
g1 e ZJ B g(£)P de. (1.20)
m=I Y'/e

For g € D(A°),

B (A (&) = AL (E)B9(E). (1.21)
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Then, as a consequence of the representation (1.16]), an equation like Au® = f,

where f € L?(R%), can be written as a cascade of equations in the Bloch space, viz.,

AN (E)B7 (uf)(&) = B (f)

A (E)B5(uf)(&) = B5(f)
(1.22)

A (E)BL (u) (&) = B, (f)

Now, the homogenization can be achieved by passing to the limit in these equations
in the Bloch space. However, in order to achieve that, more properties of the Bloch

eigenvalues and the Bloch coefficients are required.

1.2.3 REGULARITY OF BLOCH WAVES IN THE DUAL VARIABLE

By an application of the min-max principle, the Bloch eigenvalues can be proved to
be Lipschitz continuous functions of the dual variable 1. The proof may be found
in [CV97].

Theorem 1.5. [CV97] Form > 1, 1+ A,(n) is a Lipschitz continuous function

of .

In contrast, there is a good deal of choice present, when it comes to the
eigenfunctions. Wilcox [Wil78| proved that the Bloch eigenfunctions of operators
of the form —A + V, where V is periodic, could be chosen measurably and that
they could be chosen to be real analytic outside of a measure zero set. The
Bloch decomposition theorem of the previous section requires that the Bloch
eigenfunctions be measurable in the dual parameter.

These results, however, are insufficient for the proof of homogenization. The

following result pulls us through, a proof of which may be found in [CV97].
Theorem 1.6. [CV97] There is a small ball B5(0) such that

e 11— A(1) s analytic for n € Bs(0).

e There 1s a choice of the corresponding etgenvector n +— &1(.,1) satisfying

n€Bs(0) = ¢i(-1m) € H;(Y) 1s analytic and
d1(y,0) = [Y|7V2, a constant independent of y.
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This theorem depends on the fact that the first eigenvalue of the operator
A is simple, and therefore, remains simple in a neighbourhood of 0. It involves
use of an implicit function theorem in the analytic category and in an infinite
dimensional setup by way of an infinite dimensional determinant. The regularity
of the eigenvectors is a more involved task and makes use of an analytic projection
operator. These results may also be proved by using the Kato-Rellich theorem,
which will be discussed in Section [1.3|

1.2.4 IDENTIFICATION OF HOMOGENIZED TENSOR

The homogenized tensor and the correctors can be expressed in terms of derivatives
of Bloch eigenvalues and Bloch eigenfunctions. This is the content of the next
theorem, whose proof may be found in [CV97] or [SGV04]. Such calculations are
also performed in [BLP11].

Theorem 1.7. The first Bloch eigenvalue A\i(1) and eigenfunction ¢1(n) of A
satisfy:

1. A(0) =0.

2. The eigenvalue A\i(1) has a critical point atn =0, 1.e.,

N
om;s

0)=0,¥s=1,2,...,d. (1.23)

3. Fors=1,2,...,d, the deriwative of the eigenvector (0¢d,/0m;)(0) satisfies:
(0p1/0ns)(y;0) — id1(y;0)wi(y) is a constant in y, where w* s defined
in ([9).

4. The Hesswan of the first Bloch eigenvalue at n = 0 s twice the homoge-

nized matrix ay,-

1 02\
2 dnyomy

(0) = ay,. (1.24)
Remark 1.8.

1. It can be seen easily that n — A.,(n) are periodic functions with Y as the

basic periodicity cell.

2. The first Bloch eigenvalue is an even function with respect to the origin, i.e.,
A1(m) = Ai(—m) for alln € Y'. Equation ([1.23)) can be seen as a consequence
of this fact.
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1.2.5 LOCALIZATION AND PASSAGE TO LIMIT

For the purpose of homogenization, we need one more result which describes the

weak limit of the first Bloch coefficient of a sequence of weakly convergent functions.

Theorem 1.9. Let g¢ be a sequence of functions in L*(R%) with uniform (in €)
compact support in K C R such that g¢ — g in L*(R%)-weak for some function
g € L2(RY). Then it holds that

Xe*‘YB?ge - 6

in 12

IOC(RS)-weak, where g denotes the Fourier transform of g.

Now, we note that the homogenized equation will be recovered by passing
to the limit in the first equation in the cascade and that the rest of the
equations will not contribute to the limit equation. However, the cascade is written
for an equation posed in RY. In order to obtain homogenized equation for an
equation posed for a domain Q) € R¢, we first need to localize it as follows. Let 1,

be a fixed element in D(Q). Since u satisfies AU = f in Q, Pou® satisfies

A (hous) (x) = of(x) + he(x) + hE(x) in RY, (1.25)
where
B (x) 1= — 3 22 (x)af, () 5 (),
hS(x) = — 5 | G (x)ak ().

On applying the first Bloch coefficient to the equation ([1.25), we obtain the

equation:
AT (E)BS (bou) (&) = B (bof) (&) + Bih{ (&) + Bih3 (&) in R (1.26)

In order to pass to the limit in equation (1.26]), we shall expand A{ as a power
series in a neighbourhood of & = 0. Also, the limits of B{h] and B7hj are identified.
Finally, a limit equation is found in Bloch space. The homogenized equation in

physical space is found by taking the inverse Fourier transform. All of the details
may be found in [CV97].

1.2.6 HERROR ESTIMATES

The passage to limit and recovery of homogenized tensor, as described above, is

part of the qualitative theory of homogenization. Another important aspect of
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homogenization is the quantitative theory, i.e., obtaining rates of convergence for
the [%-convergence of u¢ to u*, as defined in Theorem . By making use of the
correctors, the L2-convergence may be updated to H'-convergence by using a better
approximation, u® ~ u* + ewsg—::.

In the early literature, rates have been obtained for scalar equations by making
use of the maximum principle [BLP11] and the boundedness of correctors due to
De Giorgi-Nash-Moser regularity. Those requirements clearly fail for systems. As
a consequence, it is standard practice to take Holder continuous coefficients in
the case of systems, so that Schauder theory is applicable. One of the advantages
of Bloch wave homogenization is to obtain such error estimates under optimal
hypotheses on regularity of coefficients.

In the theory of Bloch wave homogenization, error estimates were first ob-
tained in [COV02, [COV05| by proposing an approximation different from the one
mentioned above. The authors call this approximation the Bloch approximation

which is defined by
0°0) = | Wl taiine de
Y' /e

and it is proved that [u® — 0¢|;1 = O(e€).

Error estimates for homogenization have also been obtained by Birman and
Suslina [BS04] in the form of order-sharp resolvent estimates by the spectral
approach, i.e., they use the Bloch decomposition and perturbation theory to obtain

rates of convergences in the full space.
1A+ D)7 = (A + D lizra)srzma) < Ce.

These are also referred to as norm resolvent estimates. Their methods are not
restricted to scalar equations. Further, recently Suslina and co-authors have
obtained operator error estimates in bounded domains as well [PS12} [Sus13), [Sus17].
These developments have been foreshadowed by [Sev81], [Zhi89)].

1.2.7 COMMENTS ON THE BLOCH WAVE METHOD

Bloch wave homogenization has several features that make it ideal to study a wide

variety of physical phenomena. These features include

1. Bloch wave homogenization has allowed the interpretation of homogenization
as a spectral threshold phenomena [BS04]. This has been very fruitful as it

has led to the notion of internal edge homogenization [BS06].
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. In the case of a multiple spectral edge, such as elasticity operator [SGV05],

Stokes system [AGV17], the homogenized tensor appears through a relation
called the propagation condition involving directional derivatives of the
Bloch eigenvalues. This may be interpreted as follows: the directional
Hessian gives the speed of propagation of waves in the homogenized medium
in corresponding directions. Such an interpretation is not forthcoming in

other methods of homogenization for system of equations.

In long time asymptotics for the heterogeneous wave equation, the fourth
order derivative of the first Bloch eigenvalue at 0, called the dispersion tensor,
plays an important role [COV06]. This leads to a fourth order equation for
the homogenized medium [DLS14, [ABV16]. The dispersion tensor differs
from the fourth order tensor that appears by way of the two-scale asymptotic
expansions [ABV16].

. The homogenized tensor appears in a more natural manner in this framework

as the second order coefficient in the power series expansion of the first Bloch
eigenvalue at £ = 0. This is even more striking in the setting of critical
sized perforated domains where the so-called “strange term” [DOS09] appears
through the first order term in the power series expansion of the first Bloch

eigenvalue at & = 0.

The passage to limit in homogenization is greatly simplified in this framework.
In particular, the homogenization limit is obtained as a weak limit of the
Bloch transformed equation, which is an algebraic equation instead of a
differential equation [CV97].

It opens up avenues of research into the interaction of homogenization theory
with other physical phenomena such as creation of spectral gaps [Zhi04], non-
locality [MCFK), [CC16], resonance [CEK19], Anderson localization [Ves02],

etc.

. The operator error estimates in [Susl3] do not require Hélder continuity

of the coefficients. This is relevant because microstructures that appear in
applications are not expected to have any regularity. In fact, the simple

configuration of two-phase media is only measurable and bounded.



16 Introduction

1.3 PARAMETRIZED EIGENVALUE PROBLEMS

In this section, we treat Bloch wave homogenization as a gateway to eigenvalue
problems involving multiple parameters. Eigenvalue problems, that depend on
multiple parameters, arise in a variety of mathematical models, for example, Bloch
waves (Solid State Physics), Hyperbolic systems of PDEs (Wave motion), etc.
Parametrized eigenvalue problems have been studied by Rellich and Kato under
the heading of Perturbation Theory. Sometimes, it is also studied as Bifurcation
Theory. We saw in Theorem that the first Bloch eigenvalue is analytic in a
neighbourhood of 1 = 0. Such a theorem is proved by appealing to perturbation
theory. In this section, we shall discuss some finer points related to perturbation
theory.

Generally speaking, the regularity of the family of operators is not transferred
to the eigenvalues and eigenvectors. When a family of self-adjoint operators depends
analytically on one real or complex variable, Rellich [Rel69] has proved that there
exists an arrangement of the eigenvalues which is analytic. This arrangement does
not correspond to the usual increasing order of eigenvalues unless the eigenvalue,
in question, is simple. The analytic eigenvectors, so obtained, also only correspond
to the specific arrangement of eigenvalues obtained from the theorem. When we
go to families of operators depending on multiple parameters, we may not have
analyticity unless the eigenvalue(s) are simple, i.e., analyticity may be lost at the
points of eigenvalue crossings.

Let us illustrate these phenomena using some examples. Consider the simplest

one-dimensional family of matrices, viz.,

x 0
, x € R.

The ordered eigenvalues are known to be [x| and —|x|. These, however, are not even
differentiable. Rellich comes to the rescue, and the rearranged eigenvalues x and
—x are analytic. The corresponding eigenvectors (1 0)" and (0 1) are constant,
therefore, analytic. We cannot choose the eigenvectors to be a certain vector at
x = 0. Clearly, at x =0, any vector would be an eigenvector of the given matrix.
But, a prescribed eigenvector at 0 cannot be continued for other values of x. As
Rellich points out, “the perturbation method itself selects them.”

As an example with multiple parameters, consider

[X y],x,ye]R.
y —x
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The ordered eigenvalues are known to be /x? +y? and —+/x? + y?, and no
arrangement of these would make them differentiable around 0.
In the next subsection, we review how simplicity assures us of regularity of

the eigenpairs.

1.3.1 SIMPLICITY IMPLIES ANALYTICITY

One situation where the number of parameters is immaterial for obtaining regularity
of eigenvalues is when the eigenvalues are simple. The main tool for the proof is
the implicit function theorem in various categories. Implicit function theorem is a
local result and any proof following from that premise will only be local in nature.

We shall begin by proving such a result in finite dimensions.

Theorem 1.10. Let A(t) be a continuously differentiable square matriz val-
ued function of real variable t. Suppose that A(0) has an etgenvalue Ay of
multiplicity one. Then, for t small enough, A(t) has an eigenvalue A(t) that
depends differentiably on t, such that A(0) = Ay. Further, an eigenvector x(t)

corresponding to A(t) can be chosen to depend on t differentiably.

Proof. The characteristic polynomial of A(t) is det(sI — A(t)) = p(s,t) is a poly-
nomial of degree n with C' coefficients. The eigenvalue A, at O is simple. Therefore,
P(Ag, 0) = 0 and 2—5(7\0, 0) # 0. By application of the Implicit function theorem, there
is a C! function A(t) defined in a neighbourhood of 0, that satisfies p(A(t),t) = 0.

Eigenvector may be constructed locally, using appropriate minors of A(t). O

Moving on to unbounded self-adjoint operators with compact resolvent on
infinite dimensional Hilbert spaces, there are conditions under which we can define
an infinite dimensional version of the determinant. This is an analytic function
with zeros corresponding to the eigenvalues and the multiplicity preserved. This
should be reminiscent of the Weierstrass factorization theorem which involves
constructing an analytic function with a prescribed set of zeros. The theory holds
for Hilbert-Schmidt operators and even for the class 7, which comprises of compact
operators whose singular values are in the sequence space {". Such a construction
can be found in [Sik61b], [Sik61a], [Smi4i], [RST78], [GK69], [DS88], among others.
The rest of the proof follows in like fashion. The construction of eigenvectors could
also be done using the infinite dimensional version of determinant and its minors.

However, one could also make use of the projection operator onto the subspace

spanned by the first eigenvalue in a neighbourhood of 0. Such a projection operator
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can be defined using a version of residue calculus. Specifically, for a closed operator
A, if A is an isolated point of the spectrum o(A), the integral

1

Py =——
A 2mi

jg (A—p)'du
A—p|=r

exists, where r is the radius of a circle containing A alone [RS78, p. 11]. For an
analytic family of operators A(n), the family of projection operators, P,(n), is also
analytic and if the eigenspace is one-dimensional, we obtain an analytic choice of
eigenvectors by defining ¢(y,n) = Pa(n)$(y,0). This can be further normalized

according to needs.

1.3.2 SINGLE PARAMETER IMPLIES ANALYTICITY

Simplicity is not the only criteria for regularity of eigenfunctions. If the family of

operators depends on a single parameter, Rellich [Rel69] proves the following.

Theorem 1.11 (Rellich). The etgenvalues of a Hermitian matriz ay(x), whose
coefficients are power series for small |x|, can be rearranged to be power series

for small |x|.

This result uses the concept of a Puiseux Series and the Hermitian hypothesis
cannot be removed. Further, analytic eigenvectors can be constructed for the
corresponding eigenvalues. As mentioned before, we cannot decide an initial value
for the eigenvectors (at 0).

This result is extended for operators over infinite dimensional Banach spaces

in Kato’s treatise [Kat95]. Kato begins by defining two types of operator families.

Definition 1.12 (Kato). Let R be a connected open set in the complex plane and
let T(z), a closed operator with nonempty resolvent set, be given for each z € R.

We say that T(z) is an analytic family of type A if

1. The operator domain A(z) is some set D independent of z.
2. For each P € D, A(z) is a vector valued analytic function of z.

Definition 1.13. Suppose that a(z) is a family of bounded sesquilinear forms
with domain H for each z € Dy, where D, is a connected open set in C, and that
a(z)[u] is holomorphic in D, for each fixed u € H. Such a family {a(z)} is called

bounded-holomorphic.

The family of operators A(z) € B(H) defined by (A(z)u,v) = a(z)[u,v] is a

bounded-holomorphic family of operators.



1.8  Parametrized eigenvalue problems 19

Definition 1.14. The numerical range of a form a is defined as ©(a) ={alz] : z €
D(a),llzll =T}

It is defined analogously for operators.
Definition 1.15.

1. The form a on H is called sectorial if there are numbers ¢ € R and 6 € [0, 71/2)
such that
O(a) € Sep:={AeC:larg(A—c)[ <0)}.

2. The operator A is called sectorial, if @(A) C S.p for some ¢ € R and
0 e [0,7/2).

3. The operator A is said to be m-sectorial if @(A) c S. and if A is closed
and R(A — «I) is dense in H, where oc € C\ S, . We call c a vertex and 6 a

corresponding semi-angle.
Definition 1.16 (Kato). a(z) is called a holomorphic family of type (a) if

1. each a(z) is sectorial and closed with domain D independent of z and dense
in H,

2. a(z)[u] is holomorphic for z € D, for each u € D.

Kato [Kat95, p.395] proves that a holomorphic family of type (a) generates a
family of m—sectorial operators. These are called as a holomorphic family of
type B.

Finally, for the two types of operator families, he proves the following regularity

theorem, mirroring Rellich’s result for matrices.

Theorem 1.17 (Kato). Let A(x) be a self adjoint holomorphic family of type
A or B defined for x in a neighborhood of an interval Iy ¢ R. Furthermore, let
A(x) have compact resolvent. Then all eigenvalues of A(x) can be represented
by functions which are holomorphic on Iy. More precisely, there is a sequence
of scalar-valued functions u,(x) and a sequence of vector-valued functions
dn(x), all holomorphic on 1y, such that for x € 1y, the u,(x) represent all the
ergenvalues of A(x) counting multiplicities and the &, (x) are the corresponding
ergenfunctions which form a complete orthonormal family in the underlying

Hzlbert space.

For results of a similar kind and with different regularity, for example, Holder
continuity and for non-selfadjoint operators, see papers from Rainer and coau-
thors [Railll Rail3, Rail4, KM03, KMR12, [AKML98, [LROT7].
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1.3.3 GENERICITY OF SIMPLE HIGENVALUES

Multiple parameters are unavoidable in most applications of interest such as
propagation of singularities for hyperbolic systems of equations with multiple char-
acteristics leading to novel phenomena such as conical refraction [Lax82], [Den88],
stability of hyperbolic initial-boundary-value problems [MZ05] and Bloch waves
for elasticity system [BS04], [SGVO05]. In such situations, Rellich and Kato’s result
may not always be applicable (although a successful application for elasticity
system is brought about in [SGV05]). Hence, an assumption of simplicity is useful
in applications [ACP704|, [APR11], [APR13|]. Even though the original problem
might not involve simple eigenvalues, it is often true that a small perturbation of
the original problem has simple eigenvalues. A property depending on a parameter
in a topological space X is said to be generic in X if the set of parameters on which
it does not hold is of first category in X. In particular, a generic property holds
densely in X. In the literature, it has been shown that under perturbations of
some relevant parameters like domain shape, coefficients, potentials etc, a multiple
eigenvalue can be made simple. Below we review some results of this kind.
Albert [AIb75] proves that the eigenvalues of a linear self-adjoint elliptic
differential operator on a compact smooth manifold are generically simple under

perturbation of lowest order term.

Theorem 1.18 (Albert). Let M be a compact, connected C* manifold and L a
linear, self-adjoint, elliptic differential operator on M with C™ coefficients.
Let A, be the set of all p € C*°(M) such that the first n eigenvalues of L+ p
are simple. Then for every m € N, A, is open in C*°(M) and each A1 s
dense in A,,. Therefore, the set of all p € C*(M) such that the eigenvalues of

L+ p are simple, is generic in C*(M).

Making use of infinite dimensional versions of Sard’s Theorem, Uhlen-

beck [Uhl76] proves similar results.

Theorem 1.19 (Uhlenbeck). Let M,, be a compact n-manifold and let L, be a
family of self-adjoint elliptic operators on M,, with the parameter b € U an
open subset of a Banach space B. Suppose that the coefficients of Ly, are C*

for large enough k, then the following properties are generic in B
1. Ly has one-dimensional eigenspaces.

2. zero 1s not a critical value of the eigenfunctions, restricted to the interior

of the domain of the operator;
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3. the eigenfunctions are Morse functions on the interior of M.

Generic simplicity of the spectrum with respect to domain has been established
and applied in proving stabilizability and controllability results for the plate
equation [OZ00] and the Stokes system in two dimensions [OZ01] by Ortega and
Zuazua.

Therefore, we expect that a multiple Bloch eigenvalue can be made simple by

a perturbation in coefficients of the operator A.

1.4 REGULARITY OF SPECTRAL EDGES

The previous subsections deal with the analytic structure of the Bloch spectrum of
the periodic operator A. In this subsection, certain geometrical and topological
aspects of the Bloch spectrum will be revealed through the notion of spectral edges,
spectral gaps and eigenvalue crossings.

Recall that the m'™ Bloch eigenvalue of the operator A is denoted by A, (n).
Let 0;, = minA,(n) and o}, = maxA,(n), then, the spectrum of the operator A
is given b; E(jmem[cr;l, ol Ther?eefgre, it is a union of closed intervals, which may
overlap. However, it may also be written as [0, 00) \ u}L (uj_, u;“), where N takes
values in IN U {oo}. The pairwise disjoint intervals (uj_, uj’L) are known as spectral
gaps and (uj*)}\; are known as spectral edges. The schematic diagram in Fig.
shows that not every o}, may be a spectral edge, even though the corresponding
Bloch eigenvalue is simple.

The Bloch eigenvalues are functions of the dual parameter n. The dependence
of the Bloch eigenvalues and eigenfunctions on the parameter n has been addressed
in Section where we noted that the study of parametrized eigenvalue problems
is an active area of research, even in finite dimensions [AKML98]|, [Rail4]. How-
ever, we will see that such questions regarding regularity properties of the Bloch
eigenvalues in the parameter are also important in applications. In particular, the
behaviour of the Bloch eigenvalues near a spectral edge determines a variety of
physical phenomena; such as, in the theory of effective mass [AP05], Bloch wave
method in homogenization [CV97] and Anderson localization [Ves02].

The importance of these regularity properties has led to the following con-
jectures about a spectral edge, that are expected to hold either for all relevant

physical parameters or in a generic sense:

(R1) The spectral edge must be simple, i.e., it is attained by a single Bloch

eigenvalue.
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A3 spectral gap
A2 /
A1

BN

spectrum in L2(R?) is a union of intervals

Figure 1.3: Bloch eigenvalues Ay and A; are simple, but have no spectral gap

between them.
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(R2) The spectral edge must be isolated, i.e., it is attained at finitely many points

in Y’ by a Bloch eigenvalue.

(R3) The spectral edge must be non-degenerate, i.e., for some m,r € NN, if the
Bloch eigenvalue A,,,(1) attains the spectral edge A, at the points {nj}j*:], then

the Bloch eigenvalue must satisfy, for j =1,2,...,,

An(M) — Ao = (N —n;)"Bj(n —n;) + O(In —nyf*), for n near n;,
where B; are positive definite matrices.

While these features are readily available for the lowest Bloch eigenvalue
corresponding to the divergence-type scalar elliptic operator, these properties may
not be available for other spectral gaps of the same operator [Kucl6]. However,

the following results are available regarding these properties:

e Klopp and Ralston [KRO0] proved the simplicity of a spectral edge of

Schrodinger operator —A + V under perturbation of the potential term.

e In two dimensions, spectral edges of a wide class of periodic elliptic operators
are known to be isolated [FK18].

e Also, in two dimensions, a degenerate spectral edge of a Schrodinger operator
can be made non-degenerate through a perturbation with a potential having

a larger period [PS17].

The validity of hypotheses [(R1), [(R2), |(R3)| is usually assumed in
the literature [Kucl6]; for example, in establishing Green’s function asymp-
totics [KR12], [KKR17], for internal edge homogenization [BS06] and to establish

localization for random Schrodinger operators [Ves02]. Local simplicity of Bloch

eigenvalues is assumed in the study of diffractive geometric optics [APR11], [APR13]

and homogenization of periodic systems [ACP704].

1.5 INTERNAL EDGE HOMOGENIZATION

A major contribution of Birman and Suslina [BS04] to the theory of homogenization
is its interpretation as a spectral threshold effect. For the operator A, it is known
that inf o(A) = 0. This corresponds to the bottom edge of its spectrum. A

non-zero spectral edge is called an internal edge. The notion of homogenization
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has been extended to internal edges in [Bir04], [BS06]. Correctors for internal edge
homogenization are further developed in [SK09], [SK11].
In this subsection, we review the internal edge homogenization theorem of

Birman and Suslina [BS06]. Consider the equation

v. (A(f)we) LU =f in RS, (1.27)
€
corresponding to the operator A€. Let Ay denote an internal edge, corresponding
to the upper endpoint of a spectral gap of A and let m be the smallest index such

that the Bloch eigenvalue A,, attains A, then

Ao = min A, (n).
ney’

Birman and Suslina [BS06] make the following regularity assumptions on A,.
These are exactly the properties of a spectral edge that are required in order to

define effective mass in the theory of motion of electrons in solids [FK1§].

(B1) A, is attained by the m'™ Bloch eigenvalue A, (1) at finitely many points
M15M2y - - -5 TIN-

(B2) Forj=1,2,...,N, Ay(n) is simple in a neighborhood of 1;, therefore, A, (1)

is analytic in 1 near n;.
(B3) Forj=1,2,...,N, A(n) is non-degenerate at 1, i.e.,
Am() = Ao = (M —m;)"B;(n —m;) + O(n — ), for n near nj,
where B; are positive definite matrices.

Under these assumptions, the internal edge homogenization theorem is proved.

Theorem 1.20 [BS06]. Let A be the operator in 1*(R%) defined by and let
Ao be an internal edge of the spectrum of A. Let 8 > 0 be small enough so that
Ao—9? is in the spectral gap of A. Assume conditions|(B1),|(B2),|(B3). Let A¢
denote the unbounded operator —V - (A(’E‘)V) defined in 1?(R%). For 1<j <N,
let ;(y,m;) == exp(iy -n;)d;(y), where d; 1s the ergenvector corresponding to
the eigenvalue Ao = A (0;) of the operator A(n;) = —(V+in;)-A(V+in;). Then,

IIR(e) — RO(E)”LZ(Rd)_}LZ(Rd) =0(e) as €—0, where

R(e) = (ﬂe — (€70 —1‘}2)1)_1 and
N
R(e) =1V Y [l (—V- B,V +91) (]

j=1
are bounded operators on L*(RY) and || - |li2ra)12(ra)y denotes the operator

norm. Here, [f] denotes the operation of multiplication by the function f.
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1.6 ALMOST PERIODIC HOMOGENIZATION

For K = R or C, let Trig(R%;K) denote the space of all K-valued trigonometric

N
polynomials of the form P(y) = Z a; eV defined for y € R4

j=1
Definition 1.21. A bounded continuous function u : RY — R is said to be
uniformly almost periodic if it is the uniform limit of a sequence of real trigonometric
polynomials, i.e., there exists a sequence P,,(y) € Trig(R%;R) such that |[u—Pp |l —

0Oasn — oo.

Uniformly almost periodic functions are also known as Bohr almost periodic
functions. The set of all Bohr almost periodic functions when equipped with the

uniform norm is a Banach space denoted by AP(RY).

Definition 1.22. The mean value of a function u: R* — R in L] (RY) is the
following limit
1
M(u) = lim sup —J u(y) dy, (1.28)
Looo YLl Jy,

where Y; = [—ntL, tL)¢ and | - | denotes its Lebesgue measure.

In fact, the limsup above is a limit for Bohr almost periodic functions [Bes55].
One can obtain the following class of functions by employing the notion of mean

value. This class is larger than Bohr almost periodic functions.

Definition 1.23. A function u € [2

1OC(IR““;(D) is said to be Besicovitch almost

periodic if there exists a sequence P, € Trig(R%; C) such that M(ju— P,*) — 0 as

n — oo.

On the set of all Besicovitch almost periodic functions, the quantity (M(|-]*))"/?
is a semi-norm. Given Besicovitch almost periodic functions f and g, we shall
identify them if M(|f — g|*) = 0 to obtain a Hilbert space which will be denoted
by B%(RY) with the inner product given by M(f-g). The superscript 2 serves to
remind us that one could very well define a Besicovitch analogue of LP spaces.

Let us recall some interesting properties of almost periodic functions. In
direct analogy with periodic functions, one can define a formal Fourier series for
almost periodic functions [Besb5]. The trigonometric factors e that appear
in the Fourier series of an almost periodic function u correspond to all € R¢
for which M(ue ™M) is non-zero. Note that for a given function u, the set of
all such n is countable. This set is called the set of frequencies of u and the

Z-module generated by these frequencies is denoted as Mod(u). Periodic functions
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are also almost periodic. In particular, continuous periodic functions belong to
AP(RY) whereas measurable and bounded periodic functions belong to BP(RR%)
for all p such that 1 < p < oco. Further, the mean value as defined in
coincides with the average or mean value of periodic functions over any basic cell
of periodicity. Almost periodic functions u with a finitely generated Mod(u) are
called quasiperiodic functions. It is interesting to note that AP(R¢) and B?(RR¢) are
examples of non-separable Banach spaces. More information about these function
spaces may be found in [Bes55), [LZ82, [Cor09]. Further, a short but illuminating

crash course on almost periodic functions may be found in [Shu7§].

1.6.1 ArmosT PERIODIC DIFFERENTIAL OPERATORS

Consider the almost periodic second-order elliptic operator in divergence form
given by

0 ou
Au = —div(AVu) = ——a —, 1.29
(AV) =~ auly) ) (1.29)

where the coefficients satisfy the assumptions|(Al), |(A2)] |(A3)l Further, in this
section, the coefficients ay, are also assumed to be uniformly almost periodic, i.e.,
Ay € AP(Rd)

Let Q be an open set in R¢. We are interested in the homogenization of the

following equation posed in H'(Q)
0 ous
AU = —— (afd (e) l) =, (1.30)
K 1

where f € L?(Q) and ay, (€)= akl(g).
Homogenization of almost periodic media was first carried out by Ko-
zlov [Koz78| using quasiperiodic approximations. Subsequently, an abstract ap-

proach was given in [OZ82, [JKO94] which we now describe.

1.6.2 CEgLL PROBLEM FOR ALMOST PERIODIC MEDIA

We begin by introducing the cell problem for almost periodic operator A. Consider
the set S = {Vd : ¢ € Trig(R% R)} as a subset of (B>(R4))¢, the Hilbert space of
all d-tuples of B?(R%) functions. Let W denote the closure of S in (B?(R4))¢. Let
U= (u,uy,...,uy) e Wand V = (vi,vy,...,vq) € W. On W, define the bilinear

form

a(lU,V) = MAU- V). (1.31)
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Then clearly the bilinear form a is continuous and coercive on W. Let & € R¢.

Define a linear form on W by
(V) = —M(AE - V), (1.32)

for V € W. The linear form l; is continuous on W. As a consequence, by Lax-

Milgram lemma, the problem
a(N& V) =1:(V), YWV e W (1.33)

has a solution N& e W.

1.6.3 HOMOGENIZATION OF ALMOST PERIODIC OPERATORS

Suppose that u¢ converges weakly to a limit u* € H'(Q). Then, u* satisfies

0 ou
U= —— |l (x) — | = 1.34
Au o (qkl (x) axl) f, (1.34)

where the homogenized coefficients q;, for A are given by
G = M(ex- Aer+ e - ANT, (1.35)

where e; denotes the unit vector in R¢ with 1 in the i'" place and 0 elsewhere. A
proof of this result may be found in [OZ82] [ JKO94]. However, the existence of
almost periodic correctors is a difficult problem and only gradient of the corrector
N¢ is found in this abstract approach. Kozlov [Koz78| has proved the existence
of correctors under the assumption of small divisors condition and used them to
prove a rate of convergence result. Often, a penalized version of the cell problem
is employed to obtain convergence rates [Sheld), [SZ18]. Recently, Shen and his
collaborators have proved the existence of bounded correctors for a wide class of

almost periodic media using a quantification of almost periodicity [AGK16, [AS16].

1.7 OUR CONTRIBUTIONS

In our work, we recognized two difficulties associated with Bloch wave method:

1. Regularity of Spectral Edges: Many applications of Bloch waves require
regularity of spectral edges, i.e., it requires that spectral edges be simple,
isolated and non-degenerate. These properties may not be available for lowest
edges of systems of partial differential operators, such as elasticity system

where the bottom spectral edge has multiplicity 3, and for internal edges
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of scalar operators [Kucl6]. At lowest edges, these difficulties have been
circumvented by the use of one-parameter perturbation theory [Kat95] by
Birman-Suslina [BS04] and Sivaji Ganesh-Vanninathan [SGV05], etc. It is
not clear whether directional regularity can be applied to the case of internal

edges.

2. Structural Restriction: The direct integral decomposition, on which Bloch
wave method is based, is restricted to periodic operators. Although certain
spectral tools seem to exist in the noncommutative geometry literature [BT81],
this apparatus is known to be difficult and it is not clear whether it will lead
to new computational techniques and quantitative results. However, given the
widespread use of Bloch wave methods in physics literature, Tartar [Tar09]
feels it may be extended to aperiodic media. Such a goal is indeed attainable
as has been shown by the extension of the Bloch wave method to Hashin-
Shtrikman structures [BCG™16, BCG718|.

The present thesis develops the Bloch wave method in these directions. In
particular, we have worked on the spectral theory of periodic differential operators
in order to develop tools that would allow us to establish homogenization results
in the presence of multiple spectral edges. Further, in order to move beyond
periodicity, we have used periodic approximations to almost-periodic operators in
Bloch wave method to obtain homogenization results. This has also allowed us
to explore approximations of homogenized tensors of almost periodic media and

establish certain rate of convergences for these approximations. We will now explain

our contributions in more detail. The results of Subsections[1.7.1], [1.7.2, [1.7.3 may

be found in the preprint [1] which has been accepted for publication in Asymptotic
Analysts. The results of Subsection may be found in the arXiv preprint [2].
The results of Subsection may be found in the arXiv preprint [3].

1.7.1 GENERICITY RESULTS ON BLOCH SPECTRUM

In Section [1.3| we recalled some genericity results about spectrum of compact
operators. In this thesis, we generalize Albert’s result to the spectrum of periodic

operators in two ways.

Theorem A. Letno € Y. The eigenvalues of the shifted operator (1.10) A(no)
are generically stmple with respect to the space of all coefficient matrices A

that are measurable, bounded and positive definite.
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In the theorem above, we overcome the following difficulties:

1. Theorem |A| is an extension of the theorem of Albert [Alb75] where the
potential V is the quantity of interest. For applications in the theory of
homogenization, the periodic matrix A in the divergence type elliptic operator
—V - (AV) is of physical importance. Thus, the perturbation is sought in the

second-order term as opposed to the zeroth-order term in [Alb75].

2. Albert’s result is applicable to operators with discrete spectrum, whereas a
periodic operator typically has no eigenvalues. However, the spectrum may
be analyzed through Bloch eigenvalues which introduces an extra parameter
N €Y to the problem. Hence, the method of Albert is applied in a fiberwise

manner.

3. The fiber A(n) is an operator with complex-valued coefficients. The determi-
nation of real-valued perturbation for the shifted operator A(n), which has
complex-valued coefficients, poses additional difficulties, when coupled with

the lack of regularity of the coefficients which the applications demand.

Further, by applying fiberwise perturbation on the fibered operator
fEB A(Mn)dn, we can make sure that the corresponding eigenvalue of interest is

simple for all parameter values.

Theorem B. Let m € N. Let A,(n) be the m'™ Bloch eigenvalue of the
operator A =—V - (AV), where A satisfies|(A1), |(A2), |(A3) and the entries

of A are periodic. There exists an operator A, unitarily equivalent to the

operator fgg (AM) + B(n)) dn, such that the perturbed eigenvalue An(n) is
simple for allm € Y. The perturbation J*\G(B B(n)dn has the form B(n) =
—(V+1in) - (B(m)(V +1in)), where the coefficients B(n) € L;’O(Y) are piecewise

constant in Y and may be chosen as small as desired in the L®-norm.

While Theorem [B| achieves global simplicity for a Bloch eigenvalue, the

perturbed operator is no longer a differential operator, i.e., it is non-local.

1.7.2 SIMPLICITY OF SPECTRAL EDGES

In Section (1.4}, we reviewed the literature about regularity of spectral edges. We

prove the following theorem concerning simplicity of spectral edges.

Theorem C. Let the matriz A satisfy (A1), |[(A2), |(A3) Also, assume that

the entries of A are periodic. Let Ay correspond to the upper edge of a spectral
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gap of A and let m be the smallest index such that the Bloch eigenvalue A,
attains \g. Suppose that either

(i) the entries of A belong to the class WJ*"O(Y, R), or
(1) the spectral edge Ay is attained by A,,(n) at finitely many points.

Then, there exists a matriz B with Lh’"(Y, R)-entries and to > 0 such that for
every t € (0,to], a spectral edge is achieved by the m™ Bloch eigenvalue of the
operator A = —V - (A +tB)V and the spectral edge is simple. An analogous
statement holds for the lower edge of the spectral gap.

Our theorem differs from previous works in the following respects. Simplicity
of spectral edge under perturbation has been proved for Schrodinger operators by
Klopp and Ralston [KR00]. These perturbations are applied in the lowest order
term whereas our perturbation is in the second order. Klopp and Ralston make use
of De Giorgi-Nash-Moser regularity for the Bloch eigenfunction in an essential way.
The regularity theorem does not extend to derivatives of the eigenfunctions. As a
consequence, the proof of Klopp and Ralston could only be successfully applied to
second order perturbations provided we had more regularity for the coefficients,
Wh>® or C%* However, this excess regularity is not suitable for applications in
the theory of homogenization where coefficients are typically only measurable and
bounded. We are able to relax the regularity requirement to L* coefficients by
imposing an extra hypothesis that the spectral edge is attained at finitely many
points. Recall that this is one of the defining conditions of regularity of spectral

edge. Therefore our theorem illustrates the importance of regularity.

1.7.3 APPLICATIONS TO INTERNAL EDGE HOMOGENIZATION

We also prove a theorem on norm-resolvent convergence estimates in [?(RY) for
homogenization of A€ at an internal (i.e. non-zero) multiple spectral edge. We will
see that this estimate depends on the shape and structure of the spectral edge which
is typically assumed to be regular [BS06]. We impose some assumptions on shape
and structure of a multiple spectral edge. This theorem illustrates a situation
where perturbation theory may be applied in order to obtain homogenization
results. The shape and structure of an internal edge is largely unknown and it is
expected to be known only through experiments unlike the case of the lowest edge

which is known to be regular.
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1.7.4 BLOCH APPROACH TO ALMOST PERIODIC HOMOGENIZATION
BLOCH WAVE HOMOGENIZATION THROUGH PERIODIC APPROXIMATIONS

The assumption of periodicity in homogenization has many advantages: a variety of
tools are available, rates of convergence are easy to obtain, periodic media is easier to
design. However, non-periodic media occurs in nature, such as glass, quasicrystals,
and many physical effects may not be explained solely through periodicity. Bloch
wave method relies on direct integral decomposition of periodic operators. For
almost periodic operators, a suitable direct integral decomposition is not available.
To overcome this difficulty, we make use of periodic approximations, which are
defined by a “restrict and periodize” operation, employed earlier by Bourgeat
and Piatnitski [BP04] for random homogenization. Further, the approximations
introduce varying Hilbert spaces to the problem, which are handled by working in
the Besicovitch space of almost periodic functions.

First Step: The first step in our procedure is the approximation of almost
periodic functions using periodic functions. This is done by the “restrict and
periodize” procedure as developed in [BP04]. We propose periodic approximations

of the operator

0 ou
= —div(AVu) = —— — 1.36
Au iv(AVu) 3y, (akl(y) ayl)> ( )
where the entries of A are Bohr almost periodic. For R > 0, we denote by AR the

periodic approximation of A at level R, defined as A® = (af (y)) = (aw(y)) for

y € Y :=[0,27R)4, and af,(y + 27Rp) = a(y) for p € Z%. The following operator
will serve as the periodic approximation to A.
0 ou
AR = —div(ARVU) = —— (aR ( )—). 1.37
oy, \ K y . ( )
Second Step: The second step is to develop the Bloch wave apparatus for (|1.37)).
Let AR(1), R () denote the Bloch eigenvalue and eigenvectors of the operator ([1.37).
Then, the homogenized tensor aE{* for the operator
. , . 0 ou
ﬂR» u = —le(AR» Vu) = —a—Xk (aEl(X/G)a—XL) . (138)
is given by
aR,* — 1 az}\}f
. 2 9my0my
Third Step: The third step is to achieve homogenization for the equation

(1.39)

0 ous
AU = —div(AVu®) = e (akl(x/e) 61: ) =f. (1.40)
K 1
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This task is performed by first writing equation ((1.40]) in Bloch space. Let 1\ be a
fixed element in D(Q) with support K. Since u® satisfies A°u® = f, Pou® satisfies

A (o) () = of(x) + 900 + R(0) + 1%4(0) im RY,  (1.41)
where
G°(x) =~ 5 (), () () 1) 2= — o S )l
0 ou
108 (x) 1= e (tbo(X) (afif(x) — afy () 6::1 (X))-

Bloch wave homogenization is achieved by passing to the limit in equation (|1.41))
first as € goes to 0, followed by R — oo.

An interesting result that we have proved is a module containment result
for the approximate correctors. An abstract approach to the cell problem for
almost periodic media was given in [JKO94] which was described in Section [1.6]
Therefore, for periodic media (which forms a subclass of almost periodic media)
there are two possible variational formulations , and . It is natural to ask
whether these two cell problems are consistent. We prove this through the module
containment result, which may be paraphrased to say that the frequencies of the

correctors are generated from the frequencies of the coefficients of the operator.

APPROXIMATIONS OF HOMOGENIZED TENSOR

It was proved in [BP04| that the approximate homogenized tensors ay;* (1.39)
converge to the homogenized tensor qy, of almost periodic operator. Although
we are unable to provide a convergence rate for the approximations through
periodizations, we prove a rate of convergence result for Dirichlet approximations
to the homogenized tensor.

The following is its Dirichlet approximation, which is the truncation of
on a cube Yg = [-7nR, R)¢ of side length 27R. Given v € RY, find wiPY € Hj(Yg)
such that

—V-A(v+ Vb)) =0, (1.42)

Then Dirichlet approximation ARP* = (aE{D**) to the homogenized tensor is defined

by

d dwRDet
af?" = My [aa+ Y ag——|. (1.43)

= 0y
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For a matrix A with entries in AP(R?), define the following modulus of almost
periodicity:

p(A,L) == sup inf [[A(- +y) — A(- + 2)l|L=(Rra)- (1.44)
yeRd |z|<L

It follows that A is almost periodic if and only if p(A,L) — 0 as L — oco. We prove

the following theorem on the rate of convergence.

Theorem D. Let p satisfy p(A,L) < 1/L" for some T > 0. There exists a
B € (0,1) such that

1
< RE (1.45)

* R,D,x*
Qi — Qg

We point out the following features of the theorem above:

1. For the proof of Theorem @, we follow the strategy in [BP04] where similar
convergence rates were obtained for stochastic media satisfying a strong
mixing condition. In their proof, Bourgeat and Piatnitski [BP04] employ

penalized /regularized cell problems which makes the analysis possible.

2. In general, almost periodic media is known to be ergodic but not mix-
ing [Sim82]. Therefore, a quantification of almost periodic media was required.
This is provided in the form of p(A) in the paper of Shen [Shel5]. Previously,
convergence rate results were available for quasiperiodic media under the
small divisors condition. Shen [Shel5| proves that the small divisors condition

implies a polynomial decay of p(A;L) which is the hypothesis in Theorem @

3. Convergence rates for periodizations appears to be a difficult problem.

1.7.5 BLOCH WAVE HOMOGENIZATION OF QUASIPERIODIC MEDIA

Quasiperiodic functions form a subclass of almost periodic functions. In general,
quasiperiodic functions may be lifted to periodic functions on a higher dimensional
space. This suggests a second approach to Bloch wave homogenization of quasiperi-
odic media. Let A be a d X d matrix whose entries are quasiperiodic functions
in R4, then there exists a d x d periodic matrix B and a M x d matrix A such
that A(x) = B(Ax) where M > d. Under the transformation x + Ax, the operator
A = —div(AV) in R¢ with quasiperiodic coefficients may be lifted to the following

periodic operator in RM.

C=—-A"V, ByA'v,. (1.46)
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The technique of lifting of quasiperiodic operators has been employed in [Koz78),
GH16l, BLBL15, WGC18]. The main difficulty in obtaining Bloch waves for C is
that C is a degenerate operator. This is circumvented by regularizing the Bloch
spectral problem. The method of regularization was suggested in [BLBL15| for the
degenerate cell problem.

Let Q = [0,2m)M and let C(n) == —(ATV, +1in) - B(y)(A'V, + in) denote the
shifted operator associated to C defined for € Y := [—%, %)d. We define the

regularized version of shifted operator as
C’() = —(ATVy +in) - B(y)(ATV, +1in) + 3A.

The eigenfunctions of the regularized operator C®(n) with periodic boundary condi-

tions serve as approximate Bloch waves. The homogenized tensor for quasiperiodic
media is characterized in terms of the limit of the Hessian of the first approximate
Bloch eigenvalue as the regularization parameter § tends to zero. Moreover, the
restriction of the approximate Bloch eigenfunctions to R¢ is quasiperiodic. This
allows us to define a quasiperiodic Bloch transform which is employed for obtaining
homogenization limit of quasiperiodic media.

This method suggests another method for Bloch wave homogenization of
almost periodic operators through approximation of almost periodic functions by
trigonometric polynomials. In Section [1.7.4, the media is approximated by its
periodization on a large cube. In the present method, the difficulty of working on

a large domain is traded for the difficulty of working in high dimensions.

PLAN OF THESIS

In Chapter [2, we will develop genericity results in spectral theory of periodic
elliptic operators. In Chapter [3| we establish the theorem on internal edge ho-
mogenization in the presence of multiplicity. In Chapter [4, we present a Bloch
approach to almost periodic homogenization. In Chapter [, we prove a rate of
convergence result for approximations of homogenized tensor of almost periodic
media which are supplemented with numerical examples. In Chapter [6, we shall

prove homogenization theorem for quasiperiodic media using Bloch wave method.



CHAPTER 2

SIMPLICITY OF SPECTRAL EDGES

We consider the spectrum of a second-order elliptic operator in divergence
form with periodic coefficients, which is known to be completely described by
Bloch eigenvalues. We show that under small perturbations of the coefficients,
a multiple Bloch eigenvalue can be made simple. The Bloch wave method of
homogenization relies on the regularity of spectral edge. The spectral tools
that we develop, allow us to obtain simplicity of an internal spectral edge

through perturbation of the coefficients.

2.1 INTRODUCTION

An introduction to the spectral theory of periodic elliptic operators is provided
in Section [1.2] To recapitulate, the spectrum of a periodic elliptic operator is
a union of intervals whose endpoints are called as spectral edges. Further, the
spectrum is fully described by Bloch eigenvalues whose behaviour near spectral
edges determine a variety of physical phenomena. Simplicity of spectral edges is
a useful property for determining homogenized coefficients. In this chapter, we
make a small perturbation in the coefficients of a divergence-type periodic elliptic
operator so that the resulting operator has a desired simple spectral edge. The
main tool is the perturbation theory of Kato and Rellich [Kat95]. The contents
of this chapter form a section of the paper [I] which will appear in the journal

Asymptotic Analysis.
2.2 MAIN RESULTS

Let Sym(d) denote the space of all real symmetric matrices, i.e., if A = (ay) €
Sym(d), then ay = a. Let

Mg ={A:R?* — Sym(d) : ay € L°(Y,R) and A is coercive 1

35
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M; may be identified as a subset of the space of d(d + 1)/2-tuples of L
functions and we shall use the norm-topology on this space in our further discussion.
A Baire space is a topological space in which the countable intersection of dense
open sets is dense. Note that M; is an open subset of the space of all symmetric
matrices with LE"(Y, R) entries, which forms a complete metric space, and hence
M; is a Baire Space. We shall call a property generic in a topological space X,
if it holds on a set whose complement is of first category in X. In particular, a
property that is generic on a Baire space holds on a dense set.

The rest of the section will be devoted to the statements of the main results.

Theorem 2.1. Letny € Y. The eigenvalues of the shifted operator A(n,) are

generically simple with respect to the coefficients A = (akl)g,lz] m Mg

Remark 2.2. Theorem is an extension of the theorem of Albert [Alb75] which
proves that the eigenvalues of —A + V are generically simple with respect to
V € C*®°(M) for a compact manifold M. The potential V is the quantity of interest
for Schrodinger operator, —A + V. For the applications that we have in mind, for
example, the theory of homogenization, the periodic matrix A in the divergence
type elliptic operator —V - (AV) is of physical importance. The spectrum of
such operators is not discrete, and is analyzed through Bloch eigenvalues, which
introduces an extra parameter 1 € Y to the problem. The determination of
real-valued perturbation for the shifted operator A(n), which has complex-valued
coefficients, poses additional difficulties, when coupled with the lack of regularity

of the coefficients which the applications demand.

The operator A in L[?(RY) is unitarily equivalent to the fibered operator
Jﬂ? A(M) dn in the Bochner space L2(Y/, Lé(Y)). In the next theorem, we apply
a fiberwise perturbation to the direct integral decomposition of A to obtain an

operator with a simple Bloch eigenvalue.

Theorem 2.3. Let m € N. Let A,(n) be the m™ Bloch eigenvalue of the
operator A = —V - (AV), where A € M. There exists an operator A, unitarily
equivalent to the operator f? AM)+B(n) dn, such that the perturbed eigenvalue
Am(n) is simple for allm € Y. The perturbation fse B(n)dn has the form
BMn) = —(V+1in) - (BM)(V 4+ in)), where the coefficients B(n) € L;’O(Y) are

. . . ’ . .
precewise constant in Y and may be chosen as small as desired in L*-norm.

A spectral edge Ay is said to be simple if the set {m € N : dn €
Y such that A,(1) = Ao} is a singleton. A spectral edge is said to be multiple if it

is not simple.
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Theorem 2.4. Let A € M. Further, suppose that its entries A = (akl)ﬁ,m

belong to the class WJ"’O(Y, R). Let Ay correspond to an edge of a spectral
gap of A and let m be the smallest index such that the Bloch eigenvalue A,
attains A\g. Then there exists a matriz B = (bkl)ﬁJ:] with Cﬁ°°(Y, R)-entries and
to > 0 such that for every t € (0,t], a spectral edge is achieved by the Bloch
eigenvalue A (1; A + tB) of the operator A =—V - (A +tB)V and the spectral

edge 1s simple.

Theorem 2.5. Let A € Mg. Let Ay correspond to an edge of a spectral gap of
A and let m be the smallest index such that the Bloch eigenvalue A, attains
Ao. Assume that the spectral edge is attained by A.(n) at finitely many points.
Then there exists a matrix B = (bkl)l‘il:] with LﬂOO(Y, R)-entries and ty > 0 such
that for every t € (0,to], a spectral edge is achieved by the Bloch eigenvalue
Am(n; A+tB) of the operator A = —V-(A+tB)V and the spectral edge is simple.

Remark 2.6.

1. While Theorem achieves global simplicity for a Bloch eigenvalue, the
perturbed operator is no longer a differential operator, i.e., it is non-local.
In the theory of homogenization, non-local terms usually appear as limits
of non-uniformly bounded operators [Bri02b], [Bri02a]. In the presence of

crossing modes, non-locality appears in the theory of effective mass [MCFK].

2. Theorem is an adaptation of the theorem of Klopp and Ralston [KRO0] to
divergence-type operators. Their proof relies heavily on the Holder regularity
for weak solutions of divergence-type operators. In our proof, we require
Holder continuity of the solutions as well as their derivatives. Hence, we have

to impose W'* condition on the coefficients.

3. In Theorem , we weaken the W™ requirement on the coefficients under
assumption of finiteness on the number of points at which the spectral edge
is attained. This is essential for the applications that we have in mind, in
the theory of homogenization, where only L* regularity is available on the

coefficients.

4. Bloch wave method belongs to the family of multiplier techniques in par-
tial differential equations. In particular, exponential type multipliers, e™®,
with real exponents, are used in obtaining Carleman estimates for elliptic

operators [Roul2).
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5. Any operator of the form —V - AV in [?(R%) may be written in direct integral

form, provided A is periodic. A satisfactory spectral theory for such operators
is available for real symmetric A. However, non-selfadjoint operators are
becoming increasingly important in physics [Sjo10]. For non-symmetric A,
the eigenvalues of the fibers A(n) may no longer be real and the eigenfunc-
tions may not form a complete set. These difficulties were surmounted in
proving the Bloch wave homogenization theorem for non-selfadjoint operators
in [SGV04]. Nevertheless, the generalized eigenfunctions form a complete
set for a large class of elliptic operators of even order [Agm62]. However,
we are not aware of physical interpretations of complex-valued Bloch-type

eigenvalues.

. The results of this chapter would have similar analogues for internal edges of

an elliptic system of equations, for example, the elasticity system. It would
be interesting to consider these problems for the spectrum of non-elliptic

operators such as the Maxwell operator.

The plan of this chapter is as follows; in Section |2.3| we prove Theorem

on generic simplicity of Bloch eigenvalues at a point. In Section [2.4, we prove
Theorem [2.3 and In Sections [2.5) and [2.6], we prove Theorems [2.4 and [2.5| concerning

generic simplicity of spectral edges.

2.3 LOCAL SIMPLICITY OF BLOCH EIGENVALUES

Let o € Y. Let P be the set defined by

P :={A € Mg : the eigenvalues of A(no) are simple}.

We can write the set P as an intersection of countably many sets as follows:

Let Py := Mg, and

P, :={A € My : the first n eigenvalues of A(n,) are simple}
={A e Mg : AiMo) < ... <Au(Mo) < Ani1(Mo) < Ani2(mo) < ...1

Note that
PC...CPCPiyC...CPiCPy  and P=[ )P,
n=0

We shall require the following two lemmas.
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Lemma 2.7. P, s open in My for all n € N U{0}.
Lemma 2.8. P, s dense in P, for alln € N U{0}.

Proof. (of Theorem We recall that a property is said to be generic in a

topological space X, if it holds on a set whose complement is of first category in X.

We can write P as the countable intersection P = ﬂ P.., where P, is an open and
n=0

dense set in M for all n € N U{0}. Hence, the complement of P is a set of first
category. Therefore, the simplicity of eigenvalues of A(ny) is a generic property in

>
MB. O

The rest of this section is devoted to the proofs of Lemmas 2.7 and [2.8]

2.3.1 PROOF OF LEMMA 2.7

The proof of Lemma [2.7|requires continuous dependence of eigenvalues of the shifted
operator A(n) on its coefficients. This can be proved using the Courant-Fischer

min-max principle, which states that

' Jy AV +in)v.(V +ing)v dx
Am(Mo) = min max
dim F=m veF\{0} Jy VP dx

)

where F ranges over all subspaces of H; (Y) of dimension m.

Proposition 2.9. Let Aj,A; € M7 and let n +— AL (n),n — Ai(n) be the n-th

Bloch eigenvalues of the operators A; and A, respectively. Then

AR (10) — A% (10l < en(Mo) AT — Asllie,

where c,(1o) is the n' eigenvalue of the shifted Laplacian H(no) i= —(V +1ing)?

on Y with periodic boundary conditions. O

Proof. Let a;(v) = fY A1(V + ing)v.(V+1ing)v dy and a(v) = fY AV +
ino)v.(V + ino)v dy be the quadratic forms that appear in the min-max principle.
We have

a1 (v) — ax(v)] = L(m ~ AV 4 vV F o)y dy

< 1A, —Aznmj (V + i)V dy,
Y
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Therefore,

mwmammwm—Amwa+mm¥@.
Y

Now, divide both sides by |, v[* dy, the Lj(Y) inner product of v with itself

and apply the appropriate min-max to obtain

A(M0) < AL (Mo) + cmMo)lIAT — Ajllie.

Notice that the constant c,,(1,) is precisely the m'" eigenvalue of the shifted
Laplacian H(ng) on Y with periodic boundary conditions. By interchanging the
role of A; and A, the inequality

A2 (o) < AL(Mo) + cmMo)IA2 — Allie,

is obtained, which completes the proof of this proposition. O

Remark 2.10. In [CV97], the Bloch eigenvalues have been proved to be Lipschitz
continuous in 1 € Y'. Indeed, one may prove that the Bloch eigenvalues are jointly

continuous in 1 € Y' and the coefficients of the operator.
Proof of Lemma [2.7. Let A € P,, and
6 = min{)‘jﬂ (Mo) — }\j(nO) j=12,... y L}

Let ¢ = : gl;ll}i] ¢;(1o), where ¢;(1o) is the j'™ eigenvalue of the shifted Laplacian
H(no) on Y with periodic boundary conditions.
Let
u:{NeN@wA—Amw<i}.
4c
Then U is an open set in Mg containing A. We shall show that U is a subset
of P,. Let A’ € U. Let {7\).’(11), j=1,2,...} be the Bloch eigenvalues of operator

A’ associated to A’. For j =1,2,...,n+ 1, we have:

o

)
IA/(Mo) — Aj(Mo)l < ¢i(Mo)[A — AL < ¢5(Mo) = <
j 4c

Hence,

0 < 7\j+1 (Mo) — }\j (Mo)
< A1 (Mo) = Ay (o)l + 1A (o) = Ajyy (o)l + 1A7 (o) — As (Mo

) , , )
< 2+ VM) = A (o)l + 3

6 ’ ’
= 7 + 7\j+1 (Mo) — 7\]' (Mo)-

Therefore, 7\1.’+1 (Mo) — 7\j’ (Mo) = % >0 for j =1,2,...,n. Therefore, the first n

Bloch eigenvalues of A’ are simple at 1o, as required. O
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2.3.2 PROOF OF LEMMA

In this section, we shall use perturbation theory of selfadjoint operators to prove
Lemma Let A € My and B be a symmetric matrix with Lﬁ"O(Y, RR)-entries. For
IT| < 09 = m, A + 1B € Mg, where « is a coercivity constant for A as in
Consider the operator A(ny) +1tB(Ny) in L§(Y). We shall prove in Appendix |A|that
the operator family F (1) = A(Mo) + tB(No) is a selfadjoint holomorphic family
of type (B) for |t| < 0p. A similar verification is performed in [SGV04]. For the
definition of selfadjoint holomorphic family of type (B) and related notions, see
Kato [Kat95].

We shall make use of the following theorem which asserts the existence of a
sequence of eigenpairs associated with a selfadjoint holomorphic family of type (B),
analytic in T € (—0y, 0p). The proof of this theorem dates back to Rellich, hence

we shall call these eigenvalue branches as Rellich branches.

Theorem 2.11. (Kato-Rellich) Let oy > 0. Let F (1) be a selfadjoint holo-
morphic family of type (B), defined for T € R, where R ={z € C : |Re(z)| <
0o, | Im(z)| < 0p}. Let F(t)+C.I have compact resolvent for some C, € R. Then
there exists a sequence of scalar-valued functions ()\j(’t))]?’; and Lé(Y)-valued
functions (Llj(”c))]?’i] defined on 1 = (—0y, 09), such that

1. For each fized T € 1, the sequence (Aj(’c))]?i] represents all the eigenvalues
of F (1) counting multiplicities and the functions (uj(T)))?’i] represent the
corresponding eigenvectors.

2. For each j € N, the functions (Aj(’t));; and (uj('t));’i] are real-analytic
on I with values in R and Lj(Y) respectively.

3. The sequence (uj('t)))?’; 1s orthonormal in Lé(Y).

4. Suppose that the m'™ eigenvalue of F(t) at T =0 has multiplicity p, i.e.,

}\m(o) = Amt1 (O) = .o = 7\p+m—2(0) = )\p+m—1 (O)

Let K ¢ R be an interval, with K containing the eigenvalue A, (0)
and no other eigenvalue. Then for |t| suffictently small, A, (T),
Ami1(T)y .o oy Apim1(T) are the only eigenvalues of ¥ (t), counting mults-

plicities, lying in the interval K.

By Kato-Rellich Theorem, an eigenvalue A(1y) of #(0) of multiplicity h,

h
m=1"

splits into h real-analytic functions (A,.(T;n0)) Further, the corresponding
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h

- are also real-analytic. Thus, for m =1,2,...,h and

eigenfunctions (w,(T;mM0))

T € (—0yp, 09), We may write:
A (T:10) = A(Mo) + Tam(Mo) + T2Bm (T, M0),
U (T;10) = Wi (Mo) + TV (Mo) + T (T,M0),

where B,.(T,10) and w,(T,no) are real-analytic functions.

The proof of Lemma |2.8| will rely on the fact that we may choose B in such
a way that a,(no) # an(no) for some m,n € {1,2,...,h}. Then for sufficiently
small T, A, (T;M0) # An(T;Mo). In that case, the multiplicity of the perturbed Bloch
eigenvalue at 1y will be less than h.

The eigenpairs satisfy the following equation:
(=(V+ino) - (A +B)(V +ino) — Am(T,M0)) Um (T, mo) = 0.
Differentiating the above with respect to T and setting T to 0, we obtain:
—(V+1ino) - A(V +ino)vim(Mo) — (V + ino) - B(V + ino)um(no)
— AMo)vm(Mo) — amMo)um(Mo) = 0.

Finally, multiply by w,(no) and integrate over Y to conclude that

LB(V +ino)um(Mo) - (V —1ino)un(mo) dy = ammo)dmn- (2.1)

Equation (2.1)) suggests the following construction. Let N(n,) denote the

unperturbed eigenspace, i.e.,

N(no) := ker(AMo) — Amo)I).

Given a perturbation B and a basis F = {fy, f3,..., fy} for N(no), we can define a

selfadjoint operator Gg on N(no) whose matrix in the basis F is given by
(1Gule) = || BIV o)t (7 = o)y .
Y

In particular, it follows from equation (2.1) that in the basis of unperturbed

eigenfunctions E = {u;(1no), w2(no)y ..., un(no)}, [Ggle is a diagonal matrix,

[Gele = diag(ai(mo), az(Mo)y ..., an(mo)).

If [Gple is a scalar matrix, then the operator Gg is a scalar multiple of identity
operator. However, if we can find a basis F for the eigenspace and a matrix B,
corresponding to which, the matrix [Gglr has a non-zero off-diagonal entry, then
for that choice of B, [Gg]¢ will not be a scalar matrix, and hence, a.,(ny) # a.(Mo)

for some m,n €{1,2,...,h}.
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Proposition 2.12. There ezists a symmetric matriz B with Lg"(Y, R)-entries

such that the operator Gg ts not a scalar multiple of 1dentity.

Proof. As mentioned earlier, the proposition will be proved if we can find a
basis F and a matrix B with Lﬁoo(Y, RR) entries, such that the matrix [Gg]r has a
non-zero off-diagonal entry. Let F = {fy, f;,...,fr} be any basis of N(ny), where
Mo = (Mo,1,Mo,2y - - -y No,a). Observe that at least one of the following must be true:
There is some j € {1,2,...,d}, such that

(35 + ino; )1 (95 — ing;)f2 £ 0, or (2.2)
there exists L € {1,2,...,d}, such that
(0, + iﬂo,l)fﬂz — (0 + iT]o,l)fz|2 z0. (2.3)

To prove this, we note that if and do not hold, then f; and f, are both
a scalar multiple of exp(—iny - y), which contradicts the fact that they are distinct
elements of a basis of N(1). In either of these cases, we will choose a suitable F
and B.

Case 1. If holds, then the function g defined by g := (9; 4 ino;)fi(0; —
ine;)fa € L; (Y) because f;,f, € H; (Y). Hence, by Hahn-Banach Theorem, there is
a continuous linear functional k € (L;(Y))*, such that x(g) = HgHL;1 (v) # 0. However,
by duality, there exists a B € L°(Y), such that k(g) = [, B gdy = ||9||L; ) % 0.

Now, either [, Re(B)gdy # 0 or [, Im(B)gdy # 0. Suppose, without loss of
generality, that [\, Re(B)gdy # 0 and define

B = diag(0,0,...,0,Re(f3),0,...,0)

with Re(p) in the j' place, then

r _
([Gelf)i2 = | B(V +ino)fi - (V—ino)f, dy
JY
r _
= | Re(B)(9; + ino;)f1(0; —ine;)f, dy
JY
N
= | Re(B)g dy #0.
JY

Case 2. If holds, then the function g’ defined by g’ = |(31 + ingy ) fi1l* —
(01 + inoy ) f2l* € L; (Y, R) because fi,f, € H; (Y). Hence, by Hahn-Banach Theorem,
there is a continuous linear functional k’ € (Lgi (Y,R))*, such that k’(g’) = HQ'HL; v) #
0. However, by duality, there existsa 3’ € LEO(Y, R), such that «’(g’) = fY f’'g’dy =
||9'||L;(Y) # 0.
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Define
B = diag(0,0,...,0,B3",0,...,0)

with 3’ in the I'" place, then in the new basis F = {f; + f,, f; — 2, f3,..., fn} of
N(no), we have

((Gale)ys = LB(V ino)(fr 4+ £2) - (Y — ino) (Fr — ) dy

= [ B (00 0 — 10+ o)) dy # 0
Y

In conclusion, we have found a basis in which an off-diagonal entry of [Gglf is
non-zero. Hence, the operator Gg is not a scalar multiple of identity. In particular,

the matrix [Gglg cannot be a scalar matrix. O

Proof of Lemma [2.8. Let A € P,. Given e > 0, we want to find A’ € P,;; such
that ||[A — A’|li~ < €. We shall construct A’ in the form A’ = A + B, where B is a
symmetric matrix with Lu"o(Y, RR)-entries and T € R. By Lemma , we can choose
To so that A + 1B € P, for |1| < Ty. Hence, the first n eigenvalues of the operator
—(V+ing) - (A+1B)(V+1ing) are simple for |T| < Tp. Subsequently, we must choose
T such that |t] < 0p = m, in order to apply the Kato-Rellich Theorem. Now,
suppose that the (n + 1)™" eigenvalue of A(1)y) has multiplicity h. By Kato-Rellich
Theorem (Theorem , the h eigenvalue branches of the perturbed operator

AMo) + tB(No) are given by the following expansion for r=1,2,...,h:

A(Timo) = A(Mo) + Tar(no) + B+ (T o),

where (3,(T;no) is real-analytic for T € (—o0y, 0y). If there are m,n € {1,2,...,h}
such that a,,(1o) # an(no), then there is a Ty such that A, (t;10) # An(T;M0) for
IT|] < T;. Since two of the h eigenvalue branches are distinct for small T, the
multiplicity of the perturbed eigenvalue, which can only go down for small T, must
be less than or equal to h — 1. This can be achieved through an application of
Proposition which gives us a matrix B; such that at least two of (a.(no))",
are distinct. Now, starting from the matrix A + 1,B;, we repeat the procedure
above so that the multiplicity of the (n + 1) eigenvalue is further reduced. The
perturbed matrix is now labelled A + t1B; + 1;B;. Finally, after a finite number
of such steps, we can reduce the multiplicity of the (n + 1)™ eigenvalue to 1. At
the end of this procedure, we obtain a matrix of the form A’ = A + Z)L T;B;, for

some N € IN. Each perturbation must be chosen so that Z}i] 7Bl < €. O
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Remark 2.13. Theorem proves that an eigenvalue A(1)) of the shifted operator
A(Mo) can be made simple by a perturbation of the matrix A € M;. However,
since the Bloch eigenvalues are Lipschitz continuous functions of the parameter
n € Y [CV97], the perturbed eigenvalue A(n) will continue to remain simple in

some neighborhood of 7.

Remark 2.14.

1. The perturbation formula may be thought of as a variation of the
Hellmann-Feynman theorem in the physics literature. The coefficients of
the differential operator (|1.1) are real-valued functions, in as much as they
are related to properties of materials. The presence of complex-valued
coefficients in the perturbation formula complicates the choice of the real-

valued perturbation B.

2. In the theory of homogenization, the coefficients of the second order
divergence-type periodic elliptic operator are usually only measurable and
bounded. By regularity theory [LU68]|, the eigenfunctions of the shifted
operator A(n) are known to be Holder continuous. However, derivatives
of eigenfunctions, which may not be bounded, appear in the perturbation
formula . Therefore, the perturbation B is chosen using the Hahn-Banach

Theorem.

2.4 GLOBAL SIMPLICITY

In the previous section, we have proved that a given Bloch eigenvalue A,,(n) of the
operator A can be made simple locally in Y’ through a small perturbation in the
coefficients. In this section, we shall perform perturbation on the operator A in such
a way that its spectrum still retains the fibered character, i.e., o(A) = Uney’O-(A(T]))
and the m'" eigenvalue function n +— 7~\m(n) is simple for all € Y'. However, the

perturbed operator A may no longer be a differential operator.

Proof of Theorem [2.3. The operator has a direct integral decomposition for
periodic A, i.e., A is unitarily equivalent to Jﬂi%rd A(M)dn, through the Gelfand
transform, where A(M) = —(V + in) - A(V + in) is an unbounded operator in
L;(Y). We would like to point out that Y is understood to parametrize the torus,
T¢. Consider the m'" Bloch eigenvalue A, (1) of A. By Lemma [2.8, at any
point o € Y', we can find a perturbation of the coefficients A = (ay) of A1)
so that the perturbed eigenvalue A, (1) is simple. By Remark , there is a
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neighborhood G,,, of 1y, in which the perturbed eigenvalue Am (1) of the perturbed
shifted operator A(n) is simple. In this manner, for each & € T¢, we obtain a
perturbation B; and a neighborhood G: in which the eigenvalue of the perturbed
operator AM) = —(V +1in) - (A + B¢)(V +in) is simple. The collection {Geleera is
an open covering of the torus. By compactness of T¢, there is a finite subcovering
having the property that in each member G; of the subcovering, the corresponding
perturbation B; causes the perturbed eigenvalue 7\m(n) to be simple in G:.

Let {G1,Ga,...,Gn} be the finite subcovering of the torus obtained above.

r

Define Oy = G7. For r > 1, define O,,1 = G+1 \ Ugj. Suppose that Bj is the

=1
perturbation corresponding to the set O;.

For every j € {1,2,...,n}, let xo, denote the characteristic function of the set

O;. Now, define the parametrized operator

Am) =—(V+in) - (A+ D Bjxo)(V+in)

j=1
which depends measurably on n € TY. Finally, define the direct integral A =
JfETd A(n)dn, where each of the fibers is a differential operator in Lé(Y). Then it
is known [RS78|, p.284] that

o(A) = o(Atn)).

ney’
Hence, we may define an m'" eigenvalue function n + 7\m(n) with the property
that

P\m(n) - 7'\m(n)’ < C’Eﬁﬁ HB)'HLOO>

where A, (1) is the m'™ Bloch eigenvalue of A. |

Remark 2.15.

1. Although the m'™ eigenvalue of the perturbed operator is simple for all
parameter values, A (1) may only be measurable in 1 € Y'. However, A (1)

is analytic in each O; c T%.

2. The perturbed operator A is no longer a differential operator, even though
each fiber A(n) is a differential operator. In fact, we shall prove in Theo-
rem that A is a differential operator if and only if B; =B, = ... = By.
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3. A rigorous account of direct integral decomposition of operators, such as
the one employed above for periodic operators, may be found in [Sch90]
and [Mau68].

Lemma 2.16. Let B be a symmetric matriz with LEO(Y, R)-entries. Define
B(M) =—(V+in)-B(V+in). Let O c Y be a proper subset of Y such that B is
not identically zero on O. Then the operator B, defined through its unitary

equivalence to the direct integral f%a B(n)xo dn, s not a differential operator.

Proof. By Peetre’s Theorem [Pee60], [Nar85), p. 174], a linear operator B : D(R?) —
D'(RY) is locally a differential operator if and only if supp(Bu) c supp(u) for
all u € D(RY). Here, D(RY) denotes the space of compactly supported smooth
functions on R with the topology of test functions. Also, let S(RY) denote the
Schwartz class of rapidly decreasing smooth functions on RY. In order to show that
B is not a differential operator, we will show that it does not preserve supports.

Given g € D(RRY), we define its Gelfand transform as

g:(y,m) = D gly + 27p)e V@I,

pezd

This is a function in L?(Y/, Lg(Y)). The map g + ¢; is an isometry from D(R?),
equipped with the [%-norm, to L*(Y/, Lé(Y)) and hence it may be extended to a
unitary isomorphism from L?(R%) to L2(Y/, Lj(Y)). We shall show that B(g) is not
compactly supported. Note that B(g) is a tempered distribution and it may be
defined as:

(B(g), b) = L LB(V+iﬂ)9ﬂ(U»ﬂ) AV — i)y, ) dydn.

We may define the Fourier transform of 8(g) in S'(R¢Y) as

where 7' ($p) = W Jra ®(n)e¥™ dn is the inverse Fourier transform of ¢. Since

$ € S(RY), there exists a P € S(RY) such that ¢ = . Therefore,

(B(g),d) = (B(9), 7 ($)) = (Blg), b).
By Poisson Summation Formula [Gra08, p. 171], we conclude that

1
(2m)4/2

> b+ q)e'

qez4

P:(y,m) = ) Dy + 2mp)e VI =

pezd

_ 1 D dm+q)et. (2.4)

a2
(27-[) qezd
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Now, suppose that ¢ € S(R¢Y) vanishes on Ugeza (O + q), then 1, as obtained
in (2.4), vanishes on O. Hence,

(B(9), &) = (B(g), b) = j LB(V - in)gy(y,m) - (V — in)y(y,m) dn dy = 0.

Therefore, B/(E) vanishes on the open set R4\ quzd(E + q). By Schwartz-Paley-
Wiener Theorem [Rud91, p. 191], g(\g) cannot be the Fourier transform of a
compactly supported distribution, i.e., 8(g) is not compactly supported. O

Theorem 2.17. Let {0;,0,,...,0.} be a partition of Y up to a set of measure
zero, i.e., Y \ U, 0; is a set of measure zero. Define 8: D(R?) — D'(RY)
by B(g) = X1 [5, B(n)g:(y,n) dn where B;(n) = —(V +in) - B(V +in) for all
je{l,2,...,n}, B are matrices with L;’o(Y, R)-entries, then B s a differential

operator if and only if B =B, =...=B,.
Proof. If B:=By =B, =...= By, then 8(g) = —V - BV(g) which is a differential
operator.

Conversely, without loss of generality, assume that B; # B, and suppose that

#B is a differential operator. Then

©® S ©®
Bol = sman+ | @-smdnt | (8- B)mdn+ ..
ney neo; neos
S
<[ B s)man
neon
Hence,
S n oD
Blg) - | Biman= 3 jo (8, — B1)(n)dn

The left hand side of the above equation is a differential operator. We will show
that the right hand side is not a differential operator to obtain a contradiction.
We proceed as in Lemma [2.16

Define C: D(R%) — D'(RY) by

n

clonel =3 |

; L(B]- —B1)(V+1in)gi(y,m) - (V—in)dy(y,m) dy dn
j=2 7%

It is easy to see that C(g) € S'(RY).

Therefore, we may define its Fourier transform by

(C(Q)> (b) = (C(Q)ﬂt_] (d))))
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where ' (¢) = m I]Rd ¢ (1)e¥™ dn is the inverse Fourier transform of ¢. Since

¢ € S(RY), there exists P € S(RY) such that ¢ = . Therefore,

As in (2.4)), we have

1
llﬁﬁ(y»ﬂ) =

(2m)4/2

D b+ qle. (2:5)
qez4

Now, suppose that ¢ € S(R¢) vanishes on Uqeza (UL, 05 + q), then 1y, as
obtained in (2.5)), vanishes on UL, O;. Hence,

JE——

(Clg), d) = (C(g), V)

=3 | | (8= B0+ imgstym) - (7= iy (y,m) dnety =0,
j=2 Y JO;

Therefore, C/(a) vanishes on the open set R4\ Ugeza (Ui, 5]- + q). By Schwartz-

Paley-Wiener Theorem [Rud91, p. 191], CT(E) cannot be the Fourier transform of a

compactly supported distribution, i.e., C(g) is not compactly supported. Therefore,

C is not a differential operator. O

2.5 PROOF OF THEOREM [2.4

In this section, we prove that a spectral edge of a periodic elliptic differential
operator can be made simple through a perturbation in the coefficients. The proof
essentially follows Klopp and Ralston [KR00|, with the straightforward modification
that the coefficients must come from WJ*‘X’(Y, R). This condition is required to
ensure that the eigenfunctions and their derivatives are Holder continuous functions.
We produce the proof here for completeness.

Suppose that the coefficients of the operator (1.1)), ay € WJ*"O(Y). Note that
the Bloch eigenvalues which are defined for n € Y' are Lipschitz continuous in 1
and may be extended as periodic functions to RY. In the sequel, we shall treat the
Bloch eigenvalues as functions on T¢, which is identified with Y’ in a standard way.
Also, we shall write A;(n, A) to specify that a Bloch eigenvalue corresponds to a
particular matrix A, appearing in the operator \A. We shall prove the theorem for
an upper endpoint of a spectral gap. The proof for a lower endpoint is identical.

We shall require the following lemma.
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Lemma 2.18. Consider the operator A as in (L.1), with A € M;. Let A
correspond to the upper edge of a spectral gap of A and let m be the smallest

index such that the Bloch eigenvalue A,, attains Ay, then

(L1) There ezist numbers a,b € R such that A, _1(n) < a <Ay <A,(n) <b for
alln €Y'. Further, there exists M € N such that M > m and the Bloch
eigenvalue Ay satisfies Am(n) > b for allneY'.

(L2) Let B be a symmetric matriz with LB’O(Y, R)-entries. There s a finite
open covering of Y, {G1,Ga,...,Gn} such that for each G;, we have an
orthonormal set in Lé(Y) of functions real-analytic forn € G; and for

sufficiently small t,

{dn(n,A—1tB), b)), (A —B),..., &) (n, A — B)). (2.6)

Further, for each fized t, the linear subspace generated by the functions
in (2.6) contains the eigenspaces corresponding to eigenvalues of —(V +
in) - (A —tB)(V +1in) between a and b.

(L3) The functions in (2.6) may be chosen such that the following equation
18 satisfied
oy’ )
W,(bs =0 fOT r,sE{m,m—l—L...,Rj}, (27)

where {-,-) denotes the Lﬁ(Y) inner product.

Proof.

Proof of As noted in Remark the Bloch eigenvalues are Lipschitz
continuous functions on a compact set T¢. Hence, the function 1 — A, (1) is
bounded above, say by b. Since A, is a spectral edge, 6 == mir/l Am(M) —m%;c Am_1(M)
is positive. Choose a = Ay — % These choices of a and b nsea'cisfy our rgauirements.

By application of Weyl’s law [RS78], the eigenvalues of the periodic Laplacian
on Y satisfy the following inequality, for some s > 0 and C; > 0, for large M,

A (0, 1) > AN > C; M, 2.8
M

where A}, denotes the M eigenvalue of the Neumann Laplacian on Y and I is
the d-dimensional identity matrix. Note that Ay (m,I) denotes the M™ Bloch
eigenvalue of the periodic Laplacian.

By Lipschitz continuity of Bloch eigenvalues in the dual parameter, we have

AmM, T) = Am(0, D] < Cin| < Ca.
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Therefore, for alln e Y,
)\M(n» I) 2 }\M(O) I) — CZ- (29)

On combining (2.8)) and (2.9)), for all n € Y, we obtain
AM(T], I) > C]MS — Cz.

It follows from a standard argument involving min-max principle, that

A, I) < A | An (1, A).
Therefore, for alln e Y/,

1
Am(MA) 2 ————Au(n, I
m(m, A) AL~ m(m, 1)
CiM® G,

> i —
IA Ml AT

Finally to prove [(L1)], choose M large enough so that

CiMs C,

— > b.
A e (AT oo

Proof of In order to prove we shall construct a set of functions,
real-analytic in a neighborhood of each point of the torus and for small t, spanning
the union of eigenspaces corresponding to eigenvalues of the operator A(n; A—tB) :=
—(V+in) - (A —tB)(V +1in) between a and b and then employ compactness of T¢
to obtain a finite collection of neighborhoods.

For each & € T9, there is a circle I in the complex plane containing the
eigenvalues of A(&, A) between a and b. Let B be a d X d real symmetric matrix
with W;’OO(Y) entries. There is a neighborhood R; of & such that the number of
eigenvalues of operator A(n; A — tB) between a and b remains constant for n € Re

and for small t. As a consequence, the operator P; defined by
1 _
P:(m;A —1tB) = ——,J (AMA —tB) —z)' dz (2.10)
27 Jp,

is real-analytic in R; of & and for small t. The operator P; is an orthogonal
projection onto the direct sum of eigenspaces of A(n; A —tB) corresponding to the
eigenvalues between a and b. The analyticity of the projection operator follows
from the analyticity of the integrand, which is a consequence of the operator family
A(M; A — tB) being a holomorphic family of type (B).

In order to obtain a collection of functions, real-analytic for 1 € Ry and small

t, we choose an orthonormal set of eigenfunctions of A(§, A) corresponding to



52 Simplicity of Spectral Edges

eigenvalues between a and b, for example, let an element of this set be ¢ (-, &, 0),
then the function defined by (-, n,t) := P¢(n; A—1tB)d(+, &,0) belongs to the linear
subspace containing eigenfunctions of A(n; A — tB) corresponding to eigenvalues
between a and b in R for small t and is analytic as a Lﬁ(Y)—Valued map. There
are two technical issues.

Firstly, it remains to prove that this mapping is also analytic when viewed
as H; (Y)-valued map. For the proof, we require the following facts. (i) The map
(n,t) — ||d)(~,n,t)||H;(Y) is bounded for 1 € R and small t. Note that ¢(-,1,t) is a
linear combination of eigenfunctions corresponding to eigenvalues between a and b.
Therefore, ||d(-, 7, t)HH; (v) is bounded due to boundedness of those eigenfunctions
in H; (Y). (ii) Li(Y) is dense in H? (Y). The two facts imply analyticity of the map
from n to H; (Y). Indeed, weak-holomorphy for a Banach space-valued map can be
proved using weak-holomorphy for a dense subspace, provided boundedness of the
map. More details can be found in [SGV04, p.23, Lemma 2.5].

Secondly, the application of the projection operator may lead to loss of
normality. However, we can further impose norm 1 condition by dividing by the
norm, which is an analytic function away from 0.

In this manner, for each & € T9, we have a neighborhood R; with certain
properties. These sets form an open covering of T¢. By compactness of T¢, the

open covering has a finite subcovering {G1, G2, . . . , Gn} With the following properties.
1. For each Gj, we have an orthonormal set in Li(Y)
{dn(n, A —1B),..., by (n,A — tB))
whose elements are real-analytic for n € Gj and small t.
2. The linear subspace generated by
(A —1B),..., 4y (n,A —tB)}

contains the eigenspaces corresponding to eigenvalues of A(n; A — tB) that

lie between a and b.

Proof of |(L3)| Let (139) = Zp:mu%)d)g), then

~

dd )
a

() — — gl

- du, - T [dd .
,cb£”>: U D w(i.?ui’ci(—df ,¢8)>,
p Py

where u(rjp) = u(er) (t) are functions of t.
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If we set U to be the matrix with entries LL(r]S) and ¥ to be the matrix with

aol
entries — <d—tr’ ¢ >, (2.7) will hold if
du
— = UVY.
dt

This is solved with the initial condition U(0) = I, where I is the identity matrix of
dimension R; —m + 1. The matrix ¥ is antiselfadjoint, therefore, U(t) is unitary
and analytic for n € G. Replace c[)?) with cf)g) to complete the proof of O

Proof of Theorem [2.4.

Consider the sesquilinear form

a(n,t)(w,v) = h (A—tB)(V+in)u- (V—1in)v.
Jy

0
For the functions constructed in |(L2), (d‘gf , Uy =0 for all r,s. Thus,

= (aln, 0@ (1, A — t8), 6 (n, A — tB))

_ —J B(V + in)d(n, A — tB) - (V — i)V (m, A — tB) dy.
Y

A function f defined on RY is said to be (n, Y)-periodic if for all p € Z9,
y € RY, u(y + 2mp) = e¥™Mu(y). The eigenfunctions of A(n, A) with periodic
boundary conditions, when multiplied by exp(—in -y), become eigenfunctions of
A= —V-AV with (n, Y)-periodic boundary conditions, i.e., there are A and u such
that —V - (AV)u = Au, where u is (1, Y)-periodic. Since u is a complex-valued
function, the regularity theorem [LUG68), Chapter 3, Section 15] cannot be applied
directly. However, since the operator is linear, we may write u = v + iw and
express the eigenvalue equation for u as two equations for the real-valued functions
v and w. In particular, v and w satisfy —V - (AV)v =Av and —V: (AV)w = Aw in
the interior of Y. Hence, by the regularity theory for elliptic equations with W
coefficients, v and w and their first-order derivatives are Holder continuous in the
interior of Y. Further, the Holder estimates in the interior of Y are independent of
n €Y. Consequently, u and its derivatives are Holder continuous in the interior of
Y.

Choose N and ¢ such that AM, A)do = Aodo. Choose by # exp(—in-y). This
can be achieved because the multiplicity of the Bloch eigenvalue at 7 is greater
than one. Therefore, (V + i), is non-zero. Consequently, there exist a y, in the

2
interior of Y, an 1 with 1 <1< d, and a 6 > 0 such that ‘(a% +1im) ¢0(yo,ﬁ)‘ > 0.
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Since ¢y and its derivatives are Holder continuous in the interior of Y, there is a

small €y > 0 such that,

2

20
=, 2.11
. >3 (2.11)

0
for [y —yo| < e, ‘(— + lm) $o(y,M)

Additionaly, since d)E” obtained earlier in are linear combinations of eigen-
functions, by the Holder continuity of the eigenfunctions and their derivatives, an
€o may be chosen so that

R 2

2

p=m

0
<

3 (2.12)

o j o . -
(a_xl + 1111) d>§) (y,myA) — (a_xl + 1111) d)ﬁ.”(yom, A)

for 1 € Gj and |y — Yol < €o. Define the matrix B = diag(0,...,0,b,0,...,0) all
of whose diagonal entries are zero other than b; which is chosen as a function
by € CP(ly —yol < €o) such that by > 0 and fv b, = 1. Extend B periodically to
RY.

There is an index q such that N € G,. Therefore, ¢o(y Z (:T(I)r (y,m, A

Define ¢o(y, T, t Zcrtbr Yy, A —tB). Then by (2.11),

(@, D00l T ), ol 1)) oo

0 0 —
tn(a ; nn) Boly, )(a_yl —m)da 0,7 dy

<

|
W N
‘GD'<

Hence, the following holds for t sufficiently small:

QT (ol-+ Ty ) ol Ty 1) < o — 51t + PB(Y), (213)

where 3(t) =O(1) as t — 0.
Givenn €Y', there is j € {1,2,...,n} such that n € G;. We define the function
R;

¢y t) =3 (@u+in) ¢ (yo,n, A (y,m, A~ tB).  (2.14)

r=m

For (b 5Tyt Z ar r )T])A —tB), Cb(')n)t) is perpendicular to Cbij)(')ﬂ)t)

if and only if

Z ar al + lnl) q)r (Uoﬂ% A) = 0. (215)
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Further, aﬁj)(n) may be chosen analytic for n € Gj. For ¢(-,1,t) satisfying (2.15))
and ||¢||L§(Y) =1, the following holds for n € Gj,

L am, 06, 0, 0(m D)) o

dt
__J b (i+i )q>( 0)(i_i )—d>( 3 a
= y 1 ayl M Yy, 091 M y,n, y
R; P
:_J a0 (@ i 6 (yym A) = (@0 i) 61 (v, A))| b dy
Beo (Yo) |r=m
0
=73 2.1
-3 (2.16)

where the last inequality follows from (2.12). The right hand side of the above
inequality is independent of j € {1,2,...,n} and hence it holds for all 1 € Y .

Therefore, the following holds true for sufficiently small t, uniformly for n € Y’ and
||¢||L§(Y) = 1:

alm, (@, 1 b, 1)) 2 Ao — 3t + Py (b) (217)

In particular, y(t) is bounded uniformly for n € Y’ and small t.

To find an upper bound for A,,(n, A — tB), we apply the following variational
characterization of the eigenvalues of A(n, A—1tB) to (2.13). If d1, day ..., Gy are
the first m—1 eigenfunctions corresponding to the selfadjoint operator A(n, A—tB),
then the m'™" eigenvalue of A(n, A — tB) is given by the formula

}\m(naA_tB) = a(n)t)(d)ad))-

min
(bJ-{(b] )¢2)--~)¢m71 }y ||¢HL§(Y):]

Therefore, by (2.13)),

70

An(MA —tB) <Ay — ﬁt’

(2.18)

for t sufficiently small. To find a lower bound for A, ;(n, A—tB), we apply another
variational characterization for the eigenvalues to (2.17)), viz.,

Am —1B) = i t 2.1
nmA—1tB) = max = mn a(m, t)(¢, ), (2.19)
#

where V varies over m-dimensional subspaces of H; (Y).
For each fixed n and t, take the m-dimensional subspace V., spanned by the
first m — 1 eigenfunctions of A(n, A —tB) and ¢ as defined in (2.14)), i.e.,

Vn,t - {¢1 (ﬂ) t)) d)Z(T]) t)> ceey d)m—l (T], t)) d)ij)(ﬂ) t)}
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Then ¢(n,t) satisfying the equation (2.15]) is perpendicular to V;; and allows us

to conclude that

50
}\m+1 (ﬂ»A—tB) > Ao — 1_2t) (220)

for sufficiently small t and for all 1 € Y. The new spectral edge is still attained
by the m'™" Bloch eigenvalue for small t and is its minimum value. Therefore, the
estimate implies that the new spectral edge is smaller than the unperturbed
spectral edge. In particular, the new spectral edge A, satisfies Ag < Ay — %t for
small t. The estimate implies that the perturbed (m + 1)™ Bloch eigenvalue
lies above Ag — %t for small t. Hence, the distance between the new spectral edge
Ao and the perturbed (m + 1)™ Bloch eigenvalue is at least %t for small t. As a
consequence, the new spectral edge is only attained by the m'™ Bloch eigenvalue,

i.e., it is simple. |

Remark 2.19. The proof of Theorem depends crucially on the interior Holder
continuity of the Bloch eigenfunctions and their derivatives. This requires the
coefficients of the elliptic operator to have WJ"X’(Y) entries. We attempt to reduce

this regularity requirement to L*° in Section [2.6]

2.6 PROOF OF THEOREM

We shall prove Theorem for an upper endpoint of a spectral gap. The proof
for a lower endpoint is identical. Let Ay be the upper endpoint of a spectral
gap of A = —V - (AV), which is achieved by the Bloch eigenvalue A,.(n) at
finitely many points 17,M2,...,Mn in Y. The proof uses ideas from Parnovski and
Shterenberg [PS17] and is divided into the following steps:

1. Lemma shows that we can find neighborhoods (uniform in t) of
NiyMN2,...,Mn in Y such that the perturbed Bloch eigenvalue is simple at all

those points in them where the spectral edge is attained.

2. However, there may be points outside these neighborhoods where the spectral
edge is attained. In Lemma [2.23 we show that we can choose t; such that for
all t € (0, to], all points where spectral edge is attained are in a desired union
of neighborhoods. In particular, we can choose these to be the neighborhoods

found in Step 1.

We shall require the following preliminaries.
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The multiplicity of a Bloch eigenvalue can be reduced at a finite number of
points in the dual parameter by application of the same perturbation. This will be

the content of the next proposition.

Proposition 2.20. Fiz m € N. Let S = {m,nz,...,Nn} be a finite collection
of points in Y . Then there exists a matriz B with LEO(Y, R)-entries and a t
positive such that for all t € (0,1y], the Bloch eigenvalue A, (n; A + tB) of the
operator A+tB =—-V-(A+tB)V s stmple for alln, €S, 1 <n <N.

To this end, we require the following lemma.

Lemma 2.21. Let N € N. Let X be a normed linear space over K (R or C)
and let x1,%2,...,xn be non-zero elements of X. Then there exists an x* € X*
such thatV n=1,2,..., N, (x*;x,) # 0.

Proof. Consider the finite dimensional subspace F of X spanned by xi,x2,...,Xn.
For each n=1,2,...,N, let F; denote the subspace of F* containing x* € F* such
that (x*,x,) = 0. Then F* # UE:] F; since a vector space cannot be written as
a finite union of its proper subspaces. Hence, there exists an x* € F* such that
x* ¢ UN_ Fr. Hence, for all n =1,2,...,N, (x*,x,) # 0. Finally, extend x* to X*

using the Hahn-Banach Theorem. O

Proof of Proposition [2.20. As a part of the proof of Lemma [2.8, we proved that
for a given m € IN and ny € Y', there exists a t, positive such that for all t € (0, o],
the Bloch eigenvalue A, (n; A + tB) of the perturbed operator A + tB is simple
at no. In the present proposition, we shall make a Bloch eigenvalue A,,(n) of the
operator A simple at a finite number of points in Y’ through a perturbation in the
coefficients.

As in the proof of Proposition the perturbation at any n, € S gives
rise to a selfadjoint holomorphic family of type (B), real-analytic for t € (—oy, 0y),
where 0y = m. Suppose that the eigenvalue A, (n,,) of the operator A(n,) has
multiplicity h,,. For the perturbed operator —V - (A + tB)V, the eigenvalue A, (n,)
splits into h,, branches. Suppose that the h,, eigenvalues and eigenvectors are given

as follows. Forn=1,2,...,Nand r=1,2,...,h,, and t € (—0y, 09):

Azn(t;nn) = }\m(nn) + ta;l(nn) + tZB:n(t) nn)
u:n(t;nn) = u:n(ﬂn) + ’an(ﬂn) + tzwfn(t»ﬂn))

where (3] (t,n,) and w (t,n,) are real-analytic functions.
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As in (2.1)), the following system of equations holds true for n =1,2,...,N
and r=1,2,...,h;:

LB(vmn)u;mn)-(v+mn)u (1) dy = aly ()5,

The above equations define operators that act on the unperturbed eigenspaces
at each 1n,,. The multiplicity would go down if we find B and bases for the
unperturbed eigenspaces in which some off-diagonal entry, in particular, the (1,2)-
entry is non-zero. To achieve this, we proceed as in the proof of Proposition[2.12] For
any choice of basis of the unperturbed eigenspace at n,, we find that either (2.2)
or holds. However, we cannot use this idea anymore, since, different n,
would have different matrices B. To remedy this, we notice that, at each n,, =

Mty M2y + - - yIna), for a basis given by {f!, f2, ..., fi*} either

n ‘n)*

d

> (0 + i) (31 — inn )2 20, (2:21)
=1
or, if the above sum is zero, then in the modified basis {f!, f| + 2,3 ..., fi"},
d d
Y @+ i )L —in ) (Fh+f2) = Y1+ ina )P 20, (2.22)
=1 1=1

provided that f! # exp(—in, - y).

We can always choose f! to be a function different from exp(—in, -y) since
at any of the n,, we have an eigenspace of dimension greater than 1. For each n,,
either the real part or the imaginary part of the expressions in and (| -
is non-zero. We shall call the non-zero part as p,. If both are non-zero, we may
choose either one. This will make sure that we have a collection of only real-valued
functions.

By the above procedure, we have N elements of L; (Y,;R), again labelled as

{p1,P2,-..,Pn}. By Lemma , thereis an Y € (L&(Y, R))* such that Y(p,) # 0
for alln =1,2,...,N. By duality, there exists a 3 € LEO(Y, R) such that Y(p,) =

Jy Bpn dy # 0.
Define B = diag(p, B3,..., ), then either

ReJ B(V 4 in,)fl - (V+1in.)f2 dy # 0,
Y

or
Re | BV +ina)fl - (7~ in)(F + 72) dy =0,
Y

depending on M.
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At the end of this step, the multiplicity of A,,(n) at each of the points 1, will
reduce at least by 1. We repeat the procedure with the points among {n;,nz,...,Nn}
where the eigenvalue is still multiple. Finally, we require at most M steps to make

the Bloch eigenvalue simple at each of these points, where M = max h,. O
<n<

Lemma 2.22. Let N € N. Let A € M; and let B be a real symmetric matriz
with L;X’(Y)-entries. Let A = —V - (AV) be a periodic elliptic differential
operator. Let Ay be the upper endpoint of a spectral gap, which s attained by
the Bloch eigenvalue A (1) at finitely many points N1, M2, ...,Mn 1 Y . Then
for all n € {1,2,...,N}, there is a netghborhood O, of n. such that for all
t € (0,to], the m™™ Bloch eigenvalue A, (1, A+1B) is sstmple for allm € O, where

the spectral edge 1s attained.

Proof. We know that if a Bloch eigenvalue is simple at a point 1 € Y', it continues
to remain simple in its neighborhood. The same remark applies here, i.e., for n =
1,2,...,N, a neighborhood exists in which the perturbed Bloch eigenvalue is simple.
However, it is not clear that these neighborhoods can be chosen independently
of t € (0,to]. Following [PS17], we shall prove that for each {n,}_,, there is a
neighborhood, not depending on t, in which the m'"* Bloch eigenvalue is simple at
all points in it where the spectral edge is attained. We will indicate here how this
may be achieved in the case of a single point 1y of multiplicity 2. The spectral
edges of multiplicity greater than 2 are handled in a recursive manner and the
spectral edges at multiple points are handled by making using of Proposition [2.20}
where a common perturbation B is obtained for finitely many points of multiplicity.

By the construction in Lemma [2.18] there is a neighborhood G of ny in which
the multiplicity of the eigenvalue A, (1) does not exceed 2. Further by there
is an orthonormal set of functions {¢;(n, A + tB), ¢,(n, A + tB)} real-analytic for
1 € G and sufficiently small t, such that the linear subspace V(n,t) generated by
these functions is the direct sum of the eigenspaces corresponding to the eigenvalues
Am(n, A +1B) and Aniq(n, A + tB). Finally, in [(L3), we show that we may choose
these functions such that (¢;, $) = 0 for jk=12.

As a consequence, we can write a 2x2 matrix C, with real-analytic entries whose
eigenvalues coincide with A,,(n, A +tB) and A, 1(n, A + tB) in a neighbourhood
of 1 =1no and t = 0. Consider the sesquilinear form

am,t)(u,v) = L(A+ tB)(V+in)u- (V—in)vdy,

then the entries of C = (c;¢) are given by

Cjk(n)t) = ﬁ(ﬂ,t) (q)]'(TbA +tB)>¢k(n>A +tB)) .
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For r = 1,2, we may write

$.(M, A 4+ tB) =¥, (n) + tv;(n) + O(t?),

where the order is uniform for n € G due to the analyticity of ¢, with respect to n

and t. For a given basis ® = {uy, u;} of the 2-dimensional subspace V(n,t), define

by, @) o= || BV + i) (V —in) T dy.

Also, denote by W(n) the basis {{;(n), V2(n)} of V(1,0). Then the entries of matrix

C may be written as

ci(my t) = @M, 0) (Wi (M), Wi(m)) + t b, ¥(n)) + O(t).

By Proposition [2.20} there is a basis © = {61, 0,} of V(1,0) such that bj(no, ©) #
0. Without loss of generality, we may take bj(n,,®) = 1. By analysis of the

discriminant of the matrix {bj(no, ©)} we may conclude that for any other

k=11
basis of V(no,0), and in particular fo]r the basis ¥(no) = {P1(no), W2(Mo)}, we
either have |bi2(mo, ¥(Mo))l = 1/4 or [by1(Mo, ¥(Mo)) — b2z2(Mo, ¥(Mo))| = 1. Due to
analyticity of {{;(1),V2(n)}, the matrix {bjk(n,q’(n))}ik:] is close to the matrix
{bjk(no,‘l’(no))}ik:1 whenever 1 is close to 19. Hence, we may conclude that there is
a neighborhood G of ny such that for all n € G, we either have [by;(n,¥(n))| > 1/8
or [byy(m,¥(n)) — bu(n,¥(M))| > 3/4. We will now prove that in either of these
cases, the points in G where the spectral edge is attained are simple.

If n € G is such that |by,(n,¥(n))| > 1/8, then C has distinct eigenvalues.
On the other hand, suppose that n € G is such that |bi(n,¥(n))| < 1/8 but
b1 (M, ¥(n)) — bn(n,¥(M))| = 3/4. Without loss of generality and for convenience,
we may assume that by;(n,¥(n)) = b(n,¥(n))+3/4 and that A,,(no) = Ami1(Mo) =
0. Further, at the cost of reducing the neighborhood G of 1y, we may take
[bs;(n, ¥(M)) — bjj(no, ¥(no))| < 1/8 for j = 1,2. Then the entries of matrix C
have the form cj;(no, t) = t bj; (1o, ¥(1o)) + O(t?) and c12(No, t) = t b1z (110, ¥(10)) +
O(t?). Now, suppose that for some t, we have a multiple eigenvalue at n €
G. Therefore, c;1(n,t) = cn(n,t). Subtracting the expression for c;(n,t) from
the expression for ¢y (n,t) and noting that d(n,0)(W;(n),P;(n)) > 0, we obtain

a(n,0)(b2(),b2(n)) > 3t/4 4+ O(t?). Thus,
ca(m,t) = a@m, 0)(W2(n), ¥2(n)) + tbaa(m, ¥(M)) + O(t?)
> t(3/4 + bn(n,¥(n)) + O(t?)
> t(5/8 + b2z (Mo, ¥Y(Mo)) + O(?)

> ¢22(Mo, t).
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Hence, 1 is not a point of minimum. O

In the next lemma, we shall prove that a spectral edge does not move very
far for small perturbations in the coefficients of the periodic operator A. We
shall denote the operator —V - (A + tB)V as A + tB, where A = —V - (AV) and
B =—-V-(BV). Let S; denote the set of points at which the new spectral edge is

attained, i.e.,
S :={n €Y : The Bloch eigenvalue A,,(n; A + tB) attains spectral edge at n}.

Lemma 2.23. Let N € N. Let A € M; and let B be a real symmetric matriz
with Lﬁ‘X’(Y)-entries. Let A = —V - (AV) be a periodic elliptic differential
operator. Let Ay be the upper endpoint of a spectral gap, which s attained by
the Bloch eigenvalue A\, (1) at finitely many points Ny, M, ...,Mn Y . Given

a b belonging to the open interval (0,1), there is a ty such that
N
forte (0tol,  Scc| JBM;8),
=1

where for allj=1,2,...,N, we have B(n;,8) =neY :n—nl <&}

Proof. We prove this lemma by contradiction. Assume that there is a 6 € (0,1)

and sequences (t,,) and (&, ) such that t, — 0 and &,, € S, such that
V1<j<N, |En — 5l > 5. (2.23)

Let A\y(A + tB) denote the spectral edge associated to the operator A + tB.
The perturbed spectral edge satisfies the following inequality.

Ao(A) = Ao(A + tyB)| = [min A (; A) — min A (; A + t,B))|
ney’ ney’
= | —max(—An(M;A)) + max(—An(n; A + t,B))|
ney ney
<max An(MA) = An(m; A + t,B)]
ney’
< Ct,. (2.24)

Since (&,) is a bounded sequence in Y’, a subsequence of (£,,) converges to 2,
which we continue to denote by (&,,).
We shall prove that

Am(Ens A+ 1,B) = Am (5 A). (2.25)
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Observe that

J (A +t.B)(V+i&)u(V—1i&)udy — J AV +i8)u(V—1i&)a dy'
Y Y

J A(Y + 16, u(V — 16, )i dy — J A(Y +iRulv — )i dy
Y Y

<

+ Bl | 7+ ignuf dy
Y
o~ 2 2
<C (lE,n - E| ”VU||L§(Y)”UHL§(Y) + |E»n - E.| Hu||L§(Y))
+ Bl | 07+ ignuf dy,
Y

for some generic constant C, which may change from line to line.

Therefore,
L(A + t,B)(V +i& ) u(V —i&,)udy
< JY AV +1i8)u(V —id)udy
+ € (Jen = &Iz ullzin + [en = &Il )

+talBlhpon | 7+ iEnuf dy
Y

and apply the min-max principle to obtain the

Divide throughout by |[ul|,
e

following inequality:
An(Eni A+ 1aB) < An(EA) 4+ C (A0 41} [En = 8]+ tal Blle A (En D
Similarly,
M(EA) < A A+ 6B) 4 C (A0 1) 41} [En = 8]+ tal Bl (A (£ D
Therefore,

Am(Ens A+ t2B) = An(&A)| < C(\/Am(o;n + 1)|an — &| + tallBlliznAm (& D).
(2.26)

In order to establish , notice that the first and second terms on RHS
of converge to 0 by the convergence of &, to 2 and the boundedness of
Am(&n; 1) along with convergence of t, to 0, respectively.

It follows from and that Ag(A) = A (£; A) and hence, £ is also
a spectral edge. By , this contradicts the initial assumption that there are
only N points at which the spectral edge is attained. O
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Proof of Theorem [2.5. The spectral edge of the operator A is attained at finitely

many points 1y,M2,...,Mn in Y. Now, apply Lemma to these points, so that
N
N
is simple for all t, for a range of t. Each of these neighborhoods contain a ball,

there is a neighborhood O; of each of the points (1);)., in which any spectral edge

B(nj, ;) of radius 9; centered at n;. Let & := ]m_i% d;, then by Lemma [2.23, there
<j<

exists a ty positive such that for all t € (0, to], the spectral edge of the perturbed

N
operator A + tB is contained in the union of the balls U B(n;, 9).
j=1
Hence, we have obtained a perturbation of the operator A such that its

spectral edge is simple. O

2.7 COMMENTS

In Section |1.4] we defined regularity of spectral edges as a collection of three
conditions |(R1), ((R2), [(R3)l Our results show that these conditions may also

interact. This thesis is only concerned with simplicity of spectral edges under a

second order perturbation. However, the genericity of discreteness of spectral edges
for nonsmooth second order elliptic operators is unexplored. The result of Filonov
and Kachkovskiy [FK18|, in particular, makes the assumption of C? second order
coefficients which is not suitable for homogenization. It is an open question whether
a second order elliptic operator with only measurable and bounded coefficients
has an isolated spectral edge, generically or otherwise. On the other hand, non-
degeneracy of spectral edges of Schrodinger operators under a perturbation of the
potential was first studied in the work of Parnovski and Shterenberg [PS17]. We
feel that their method should also extend to second order perturbations.

In proving the genericity theorems of this chapter, our perturbation often
comes from Hahn-Banach theorem hence it is not clear whether it is constructible.
However, the method of Parnovski and Shterenberg [PS17] assures us that a
perturbation of a larger period may work.

Another possible extension of our work pertains to elliptic systems or to
infinite periodic quantum graphs.

The bottom spectral edge of an elliptic system can only be made simple
through a perturbation in lower order terms since a purely second order operator
would have multiplicity of the bottom spectral edge corresponding to the number
of equations in the system, for example, the elasticity operator has a multiplicity 3

bottom spectral edge. A lower order perturbation also has advantages in terms
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of regularity since a measurable and bounded perturbation would suffice unlike
our theorem where Wh®-regularity is required. Indeed, we would like to see if a
lower order perturbation can be usefully employed for Bloch wave homogenization
in the case of systems. It may be recalled that the ground states of systems of
partial differential equations exhibit eigenvalue crossings and may not have an
analytic description, which may cause difficulties in applications. Previously, Bloch
wave homogenization for systems such as the elasticity system [SGV05], the Stokes
system [ACFOOQ7, [AGV17] have been achieved through one-parameter perturbation
theory and directional analyticity of the ground state.

On the other hand, infinite quantum graphs display a larger variety of phe-
nomena. Parnovski and Shterenberg [PS17] furnish an example of a quantum
graph with a non-isolated spectral edge. There are a number of works dealing
with spectral properties of infinite quantum graphs [Car12, EKMN18|, KN19|. We

would like to see if some of our methods may be useful in this context.



CHAPTER 3

APPLICATION TO INTERNAL EDGE
HOMOGENIZATION

We establish Bloch wave homogenization at an internal edge in the presence
of multiplicity by employing a perturbation in the coefficients. We show that
all the crossing Bloch modes contribute to the homogenization at the internal
edge and that higher and lower modes do not contribute to the homogenization

process.

3.1 INTRODUCTION

Birman and Suslina [BS04] have described homogenization as a spectral threshold
effect. Their analysis focuses on finding norm resolvent estimates of different
orders. For the operator A, it is known that inf o(A) = 0. This corresponds to the
bottom edge of its spectrum. A non-zero spectral edge is called an internal edge.
The notion of homogenization has been extended to internal edges in [Bir04, BS06].
Correctors for internal edge homogenization are developed in [SK09, [SK11]. The
aim of this chapter is to extend the internal edge homogenization theorem to
a multiple spectral edge. To this end, we make use of the results in Chapter
to render a multiple spectral edge simple by perturbation in coefficients. Norm
resolvent convergence of operators is quantified in terms of the convergence of
coefficients in Lemma 3.1}, whereas the Bloch wave homogenization of the perturbed
operator is performed in Lemma The contents of this chapter appear as part
of the paper [I] which has been accepted for publication in Asymptotic Analysis.

65
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3.2 INTERNAL EDGE HOMOGENIZATION FOR A MULTI-
PLE SPECTRAL EDGE

In Chapter (1, Section [1.5 we reviewed the internal edge homogenization theo-
rem of Birman and Suslina [BS06]. In this section, we shall prove a theorem
corresponding to internal edge homogenization of the operator A€ = —V - (A(E)V)
in [?(RY) for periodic A in the presence of multiplicity. We shall interpret the
three assumptions [(B1)] ((B2), [(B3)| that have been made on the spectral edge as
hypotheses on the shape and structure of the spectral edge. Without knowledge

of the shape and structure of the spectral edge, it is not possible to obtain any
explicit homogenization result.

Starting with a spectral edge which is not simple, we shall appeal to Theo-
rem to modify the spectral edge so that it becomes simple. We shall make the
following assumptions on the spectral edge. We assume the finiteness of the number
of points at which the spectral edge is attained, however, since the contributions
from different points are added up, we may as well assume that the spectral edge is
attained at one point. Therefore, suppose that for the operator , a spectral gap
exists. Let Ay denote the upper endpoint of this spectral gap of A and let m be the

smallest index such that the Bloch eigenvalue A,, attains Ay, then Ay = min A,,(n).
ney’

Suppose that the spectral edge is attained at a unique point o € Y'. Also
suppose that the eigenvalue Ay has multiplicity 2. Now, a perturbation matrix B
with L;’O(Y, R) entries, as in Theorem , is applied to the coefficients of operator
A, so that the new operator A(t) = A + tB, has a simple spectral edge Ao(t)
for sufficiently small t. However, the perturbed Bloch eigenvalues 7~\m(n,t) and
Ami1(1,t) are simple in some neighborhood O of 1, for small enough t. The
neighbourhood O is assumed to be independent of t.

For the perturbed spectral edge, we assume the following hypothesis

(C1) Am(M;t) attains minimum Ao(t) at a unique point no(t) € O and is non-

degenerate on O, i.e.,

An(mit) = Ao(t) = (n—m0(t)) " Bo(t)(n — o(t)) + O —mo(t)),

for 1 € O, where By(t) is positive definite, i.e., there is &y > 0, independent
of t, such that Eo(t) > &pl. Further, the order above holds uniformly for

sufficiently small t.
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(C2) Ami1(M;t) attains minimum A;(t) at a unique point 1;(t) € O and is non-

degenerate on O, i.e.,

A (Mt) = Ai(t) = M —m (1) By () —m (1) + O(m —m (1)),
for n € O, where Bi(t) is positive definite, i.e., there is oy > 0, independent
of t, such that By(t) > oyl. Further, the order above holds uniformly for

sufficiently small t.

In essence, we are asking for the Bloch eigenvalues to have the shapes before
and after the perturbation as in Fig. [3.1 and Fig. [3.2]

We will now set up notation for the internal edge homogenization theorem that
we intend to prove. For j =0, 1, let 1T)m+]- (y,m;(t)) = exp(iy -nj(t))ﬂ)mﬂ- (y;t), where
(T)mﬂ- is a normalized eigenvector corresponding to the eigenvalue 7\]- (t) = 7\m+j (m;(t))
off{(nj;t) = —(V+in;)-(A+tB)(V+in;). In what follows, we shall choose t = O(e*).

Define the following operators

R(e) = (ﬂe — (e —1‘)2)1)_1 , and (3.1)
~ ~ ~ -1 =
RY(e) = [VIlbs] (=V - Bo(t)V +9%1) s
~ ~ —1 =
+ IYIEPS ) (=Y - By () V + 1) [ ). (3.2)
We shall require the following two lemmas.

Lemma 3.1. Let

~ ~ —1

R(e) = (A(t) — (e ho(t) —I)T) (3.3)

where A¢(t) = —V - (A(E) + tB(E)) V is an unbounded operator in L*(RY), satis-
fying assumptions |(C1) and|(C2). Choose t = O(e*). Then

IR(€) — R(e)lli2(ra)i2ra) = O(e) as € —0.
Lemma 3.2. With the same notation as in Lemma it holds that

IR(e) — R%(e)ll2(ma)mr2me) = O€) as € — 0.

The proofs of these lemmas will be the content of Subsections |3.2.1| and [3.2.2|

Now, we state the internal edge homogenization theorem for a multiple spectral

edge.
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/\m+1(7])

Figure 3.1: Spectral edge before perturbation.

Figure 3.2: Spectral edge after perturbation.
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Theorem 3.3. Let A be the operator defined in L*(RY) as A = —V - (AV).
Suppose that the matriz A belongs to M;. Let Ay be the upper edge of a
spectral gap associated to operator A. Suppose that Ay s attained at one point
Mo €Y' and its multiplicity is 2. Let 8 > 0 be small enough so that Ay — O?
remains wn the spectral gap. Let A° be defined as A¢ = —V - (A(E)V) in L2(RY).

Let A(t) = A+1tB be a perturbation of A such that the perturbed operator
has a simple spectral edge at Ay(t). Let A(t) = —V - (A(E) +tB(§))V. Choose
t = O(e?). Assume conditions on the perturbed eigenvalues. Then

[[R(e) — ﬁo(e)lle(Rd)_,Lz(Rd) =0(e) as €—0, (3.4)
where R(e) and R%(e) are defined in and (3.2)), respectively.
Proof of Theorem [3.3. Observe that
IR(e) — RO(e)ll2(ma) 12 (me)
< |IR(e) — ﬁ(e)”LZ(RdHLZ(Rd) +IR(e) — ﬁo(e)HLZ(RdHLZ(Rd)- (3.5)
Applying Lemmas [3.1 and 3.2] to (3.5)), we obtain (3.4). O

Remark 3.4.

1. Theorem allows the computation of the homogenized coeflicients through
perturbed Bloch eigenvalues. Both the crossing modes contribute to homoge-

nization, even though the spectral edge is simple after the perturbation.

2. A perturbation of the form A(t), as mentioned in Theorem , exists for
sufficiently small t by Theorem [2.5]

3. If the spectral edge is attained at finitely many points, the contribution to
the effective operator from each of those points, are merely added up, as in
Theorem [1.20] Hence, our assumption that the spectral edge is attained at
one point is not restrictive. Further, the assumption that multiplicity of the
spectral edge is 2 can also be relaxed, since our method allows successive

reduction of multiplicity of Bloch eigenvalues at multiple points.

3.2.1 PROOF OF LEMMA [3.1]

The aim of this section is to prove Lemma [3.1] We begin by introducing some

notation. Define the two resolvents S(e) and S(e) by

S(e) = (ﬂ — (Ao — ezf}z)l)i1 and S(e) = (ﬁ(t) — (Ao(t) — 62192)1)71 (3.6)
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Define
hhﬂ::J‘ AVu‘Vﬁchy—AOJ lul? dy.
R4 R4

Then b is a closed sectorial form with domain H'(R¢).
Consider another form p(t) with domain H'(R¢) defined by

p(t)u] = J tBVu - Vu dy — (Ao(t) — AO)J lul? dy.
R4 R
To the forms h and p, we shall apply the following theorem about continuity
of resolvents which can be found in [Kat95, p. 340].

Theorem 3.5 [Kat95]. Let h be a densely defined, closed sectorial form bounded
from below and let p be a form relatively bounded with respect to b, so that
D(h) c D(p) and

Ip[ull < alful 4 bhlul, (3.7)

where 0 < b < 1, but a may be positive, negative or zero. Then b+ p 1s
sectorial and closed. Let H,K be the operators associated with h and b + p,
respectively. Let ( € C not belong to the spectrum of H. Let R((,H) denote
the resolvent of H at (, t.e., R((,H) = (H — ¢I)~'. Also, suppose that

lla+bH)R(SH)I < T, (3.8)

then ( 1s not in the spectrum of K and

4ll(a +bH)R(S H)
(T —llla+bH)R(C, H)[])?

IR(C, K) = R(GH)Il < IR(E, H)II- (3.9)

]

In order to apply the theorem, we must verify the hypotheses (3.7) and (3.8)).

We shall prove that p(t) is relatively bounded with respect to b, i.e., there exist
a,b € R, such that:

Ip(t) ] < alul* + bhul,
Observe that

bl > ch

) Vu? dy —7\0J uf? dy,
R

Rd
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p(t)[ul

< t[Blli J Vul dy + [Re(t) —mj uf? dy
R4 Rd

/Bl 5 HiBlle
_ HBlk {J VP dy—?\OJ uP? dy}+{|?\o(t)—7\o|+ [l AO}J uf dy
[0 6 R R4 x Rd

d

< bhlul + alhul?,

where a = {!7\0(’() — Aol + %7\0} <citand b = % = c,t for some constants

Cq and C.
Next, observe that for selfadjoint operator H, the resolvent R((, H) is a normal
operator, therefore, we have (see [Kat95, p. 177))
R(GH)|| £ /———.
Further,

(e +bH)R(E, H)Il < [laR (S, H)[l + [[bHR(E, H]|

a
< Gt om Ib(I+ CR(E, H))I

a

< TstC o) + b||T]] 4 blICR(C, H)|

a 4
<————+b4+b——"——.
= @st(Go(M)) | dist(C, oH)
The operator corresponding to the sectorial form h is H := —V - AV — A1, therefore,
0 € o(H), so that, for ¢ = —e?9?, dist(¢,o(H)) = €29? for sufficiently small .

Hence

a
||(C1 + bH)R(C, H)H < @ + 2b.
Notice that R(¢,H) = S(e) and R({,K) = S(e). Let us assume that t is small
enough so that Theorem can be applied to the resolvents in (3.6)). In particular,

we have

IS(e) — g(e)HLZ(RdHLZ(Rd) = [R(¢, H) — R(¢, K|
4(cit + 2cte?d?)
T (€292 — o1t — 2c,te292)?

Choose t so that ¢t = €*9?, then

4(1 + 2c3e%9?)
1 — €2 —2c3e*d?)2"

15(e) = S(e)llme)-rme) < g7
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Further, for sufficiently small €,

. 16(1 + c392)
||S(€) _ S(€)||L2(Rd]—>L2(Rd) < 192(]——(;92)2 (310)

Proof of Lemma (3.1 Define the scaling transformation T. by
Te s u(y) — e¥?u(ey).

These are unitary operators on [*(RY). For the operators (3.1)) and (3.3)), it holds
that

~

R(e) = €’T:S(e)T. and R(e) = e’TrS(e)Te.

Proving Lemma (3.1]is equivalent to proving that

" 1
IS(e) — S(e)ll2(ra)s12(ra) = O (E)

In fact, in (3.10), we proved

IS(e) — §(€)||L2(Rd)—>L2(Rd) =0(1).

3.2.2 Proor oF LEMMA [3.2]

The aim of this section is to prove Lemma Let (7\1(“?”)1:1 and (él(y,n;t))lz1
be the Bloch eigenvalues and the corresponding orthonormal Bloch eigenvectors
for the operator A(t), defined in Theorem . Let tf)l(y,n;t) = eiy'”(f)l(y,n;t).
In the sequel, we shall suppress the dependence on t for notational convenience.

The operator A may be decomposed in terms of the Bloch eigenvalues as in the

theorem below, a proof of which may be found in [BLP11].

Theorem 3.6. Let g € L>(R%). Define I'" Bloch coefficient of g as follows:

(Big) () :J]Rdﬁn(y,n)g(y) dy, le N,neY.

Then the following inverse formula holds:

LB miy,n) dn=)_(B))(Big),  where
1=1 1=1

By) = | hmdilymdn for hel}Y)
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In particular, the following representation holds for the operator A:

A=) BNB.
lelN

Also,
R((,A) = (9{{ — CI)J = Z B (A —0) '8

lelN

Define the Fourier Transform and the inverse Fourier Transform

| —iyn _ . 1 yn
(2732 JRde Yuly) dy, (7)) = Wﬁme“ u(y) dy.

Proof of Lemma[3.2. Define the operator

(Fu)(m) =
§°(e) = YWpm] (—V - BoV + 621921)_] W] + [YI W] (-v-Bv+ ezﬁzl)_] W),

where [(,] denotes the operation of multiplication by the function J)m(y,no(t))
and [(,n.1] denotes the operation of multiplication by the function (.1 (y,m(t)).

By making O smaller if required (see |(C1) and |(C2)|), we may assume that

2(Amm) —Ag) = (M —10) - Bo(n —mo), n €0, and

~

2Amiim) =A) > (m—m1) - Bin—m), n€O.

Let x be the characteristic function of O, then the projections F = f?:‘nx@m +
@fnﬂ X B and F+ = [ — F commute with A.

The operator $°(e) can be written as
$(e) = MiGnl7 |((n = mo) - Bon — o) + €20%1) | b
Ml (1= m0) - Baln = m) + €201) | F ]

Next, we represent S°(e), as the sum of two terms: the first one is

$3(e) = YI[pmlF ! [x(n) ((n—=m0) - Boln —mo) + 621921)_1] F [P

+ V[ [x(n) (=m0 Biln—m) +€2%1) |

F Pyl

and the second one is

$¢ (&) = YpmlF [(1 —xm)) (M —mo) - Bom —mo) + ezf}zl)_r F D)

M@l (1= x0) (1= 10) - Brtn —0) + €20%1) | F ()
(3.11)
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For the operators (3.2) and (3.3), it holds that
R(e) = eZng§(e)T€ and R°(e) = eZT;‘gO(e)TE.

Therefore, to prove Lemma (3.2} it is sufficient to prove that

~ ~ 1
||S(€) — SO(G)”]_Z(Rd)_)LZ(]Rd) =0 (E) . (312)

Now, observe that

I5(e) = S°(e)llzme = IS (e)F* + S(e)F — 55 () — S5 (€)ll2r2
<[I5(e)FHliamiz + 115(e)F — S3(e)llzrz + 159 (€)llzr2

Thus, in order to prove (3.12)), it is sufficient to prove the following:

I1S(€)F*{li2(ma)rz(ray = O(1), (3.13)
Hg?,x(dHLZ(RdHLZ(Rd) = 0(1), (3.14)

. ~ 1
||S(€)F—Sg(G)HLZ(Rd)_}LZ(Rd) = O(E) (315)

Proof of (3.13): Notice that the Bloch wave decomposition of S(e) is given
by

S(e) = i B (M — Ao+ E07) B

1=1

We may write
S(e) =S(e)F+ S(e)F,
where
S(e)F = B, (An — Ao+ €20%) XB + Birsy (At — Ao+ €20) xBru,

and

SeF = Y B(A-h+ ) B+ B, (An—Rot+ ) (1-x) B

lm,m+1

~ ~ ~ —1 ~
+ B (}\m—H — Ao+ 62192) (1—=%)Bmir- (3.16)

To prove (3.13)), notice that in the first term of (3.16)), the sum does not include

indices m and m + 1, therefore, the Bloch eigenvalues A are bounded away from
~ . -1

the spectral edge Ay, uniformly in € and hence, the expression (7\L — Ao+ ezf}z) is

bounded independent of €, for | # m, m+ 1. Due to the non-degeneracy conditions
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assumed in |(C1)| and |(C2)| the Bloch eigenvalues A, and A, are bounded away
from A, outside O, independent of €. Hence, the last two terms in are
bounded independent of €.

Proof of (3.14): The proof of follows from the positive-definiteness of

By and B, assumed in |(C1)|and [(C2), which makes the operator norm of the terms

in (3.11) independent of €. Now, it only remains to prove (3.15).
Proof of (3.15): Write S(e)F = Sy + S;, where, for j = 0,1,
S (3 5 202\ ' L @
S;=8 (?\mﬂ — Ao+ €7D ) X Bt

m+j
=X (xmﬂ' — 5\0 + 6282)7] Xmﬂ', (317)

m+j

and, for j = 0,1,

(Xmauw) () = LRdx(n)meﬂ (y,Muly) dy and

(Xpnyv) (W) = L, XM mis(y,m)v(n) dn.

Write §§’((e) = S+ S9, where, for j = 0,1,
S0 = V()7 (=) - Byl —my) + €20%1) () F b
= (X" (=) - B —my) + €20%1) ' XC, (3.18)
and, for j = 0,1,
(X)) = | e sy, mhuty) dy
nd (Xh,) ly) = | e sy myvin) .
Observe that,
1S(€)F — 82 (€)lliz2mra)rzma) < IS0 — SYlliz(ra)2(ma) + 1151 — SSlz(ma) iz (ra)-

Therefore, to prove (3.15)), it remains to prove that for j = 0,1,

1

1S; — Sl (re) 2 (me) = O (E)

where §;, S are defined in (3.17), (3.18).

Consider

e ~ —1
elISo — SglI = el Xi[(Am — Ao + €707) 1Xon

— () (0 —m0) - Boln — 7o) + €201) ' X3,
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Therefore,

ellSo — 31 < el Xy [(Am — Ao + €202) X
=X, (= m0) - Bo(n — o) + €39%1) " X
+ ellX;, ((n—mo) - Bolm —mo) + €20%1) " X,
— ()" ((n—m0) - Bo(n —mo) + €2071) XL (3.19)

The first of the two terms on the right hand side (RHS) in the inequality (3.19))

is estimated by using the following chain of inequalities:

€ (7\111 - 7\0 + €2192)7] - ((Tl —Mo) - ]-3’0(11 —Mo) + €21921)]‘

<cem —ﬂoP( — Ao+ €2192) ( n—"o) - Bo(m —mo) + €2921)

< cln — ol ((n —70) - Boln — o)) 2eln — nol((n—no)-léo(n—no)+€219ZI)71
<GC.

The second term on the RHS in inequality (3.19) may be written as e||(W;W,—
(W3)*W3)Il, where

. ~1/2
W, = [((n—no)-Bo(n—no) + ") ]Xm
and
5 2027V V2] vo
Wgz[((n—no)~Bo(n—no)+e8 1) ]Xmo
Therefore,
B 2q27) /2 0
Wo—V\/8=[((n—no)-Bo(n—no)+e19 1) ](Xm—Xm),

where X, — X? is the integral operator in [?(RY) defined by

(X = X500 = | xtmle ™ (Bilym) — Bl ol uly) .
Rd

Now, we shall analyze the boundedness of the integral operator defined above. To
this end, we note that, due to simplicity of the Bloch eigenvalue Ay (1, t) in O, the
Bloch eigenfunction (I)m(y,n, t) is analytic H;(Y)—Valued function with respect to
1 € O and for small t. As a consequence, we may write, for n € O,

d

Gm(YyM,1) = Prnlyy Moy t) = D (e — Mog)viely,m, 1),

k=1
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where

o
0bm
Y(y,m,t) =J ¢ (Y,Mo + s(n—mo), t) ds. (3.20)

o OMk
Note that by choosing a smaller set if required, we may assume that the functions
(T)m(y,n, t) and yx(y,mn,t) are analytic in a complex ball, which we shall denote by
0.

The function &)m(y,n, t) is a solution of the equation

_(V + iﬂ) : (A +tB)(V +iﬂ)&>m(y»ﬂ’t) = xm(ﬂﬂ)&)m(%ﬂ)t), (3'21)

forn €O, y €Y and small t. In order to find an estimate for ¢, (y,n,t), we begin
by separating the real and imaginary parts in the above equation. This gives rise to
a system of two real equations with the same principal parts. In [LU68, Chapter 7,
Theorem 2.1], estimates of the maximum modulus of solutions of such systems are
obtained under Dirichlet conditions on the boundary. Such estimates are obtained

for periodic boundary conditions in a similar manner. In particular, we have

max ’&)m(y»n» t)‘ < CZ)
yey

where the constant C, depends on the the coercivity constant of the matrix A 4 tB
and its L*° bound, which are uniformly bounded in t for small t. As a consequence,
the constant in this bound can be made independent of t. Further, for n € O and
small t, the [* bound of &)m(y,n, t) is bounded uniformly, therefore, we obtain

H;E}EX |J>m(U>Tl>t)| < C3~

Similar bounds can be obtained for the derivatives of (f)m(y,n, t) with respect to 1,
by differentiating (3.21) with respect to n and applying [LU68, Chapter 7, Theorem
2.1] repeatedly. Finally, we obtain, for any r € I,

sup [|m (Y, - 1)l (o) < oo. (3.22)
yt

The same bound is transferred to yi(y,n,t) by virtue of (3.20). More details of
this estimate may be found in [Bir97|.

For 2r > d, the function x(n)yx(y,n,t) is a multiplier on the set of kernels of
bounded integral operators in [2(R%), due to [BS77, Theorem 9.1]. Now, we may
write

d
Wo-Wo=) [((ﬂ —10) - Bo(n —mo) + €21921)_]/2X(ﬂ)(ﬂk — Mok | Uk,

k=1
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where U, is the integral operator in [?(RR¢) defined by
(Uaw)n) = | x(me ¥ Ti(y,n, tuly) dy,
R
whose kernel differs from the kernel of the Fourier transform by the multiplicative
factor x(m)¥y(y,n, t), which is a multiplier, as mentioned earlier. Therefore, U, is
bounded. Further,

~ —-1/2
e — ol (M —70) - Bo(m —mo) + €0°T) "~ < Ca.

Hence,
IWo — Woll212 < Cs. (3.23)
~ -1/2
Also, € ((n —Mo) - Bo(m —Mo) + 621921) / < 9. Therefore,
e(HWO“LZHLZ + HWgH]_Z*}LZ) < C¢. Now, we can estimate the second term in
the RHS of (3.19)) as

elWeWo — (W) Wil = el Wo(Wo — WE) + (Wo — WR) WA
< €l WollllWo — Woll + el Wo — WHlllIWG| < C.

Finally, consider

~ ~ —1
ellSt — S = €llX;, 1 [(Amer — Ao + €20%) 1Xina
~ -1
— (X)) (n=m) - Bim =) + €2971) X5,
Therefore,

ellSt — 9l < ellXy (Rt — Ko + €20%) Xons
— Xiut ((ﬂ —m)-Bim—m)+ 62921)7] Xl
+ellXy (=) - Bin —m) + €9°1) " X
— ) (=) - Brn—my) +e202) X0 (3.24)
The first of the two terms on RHS in inequality is estimated by using
the following chain of inequalities:
e (Amer — Ao + 62192)7] —(m=m)-Bim—m) + 621921)7] |
< el (Anor = A+ €97) 7 —(n—m)-Bin—my) + €071) |
<cem —mP (Amir — A1 + 6292)7] (n=m1)-Bin—m) + 62321)7]
<cn—mP (- Bin—m)) 2em—ml((m—m) - Biln—m) + 1)

< C8>
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where the first inequality follows since Ay > A;.
The proof of the boundedness of the second term on RHS in inequality ([3.24))
is similar to that of the boundedness of the second term on RHS in inequality ([3.19).

|

3.3 COMMENTS

Internal edge homogenization requires information about the shape and structure
of an internal spectral edge. This appears to be unknowable to a great extent or
only known through empirical means. However we feel that it may be possible to
bring about a classification of spectral edges in the fashion of normal forms for
eigenvalue crossings due to Hagedorn [Hag92]. Such a classification may allow us
to define homogenization results for internal spectral edges of all kinds.

This chapter is an application of the perturbation theory of spectral edges.
We feel that perturbation theory of spectral edges may be applied to many other
problems such as effective mass [AP05], Anderson localization [Ves02], diffractive
geometric optics [APR11), [APR13]. Indeed, any problem that demands an analysis

of parameterized eigenvalue problems may benefit from these methods.






CHAPTER 4

BLOCH WAVE APPROACH TO ALMOST
PERIODIC HOMOGENIZATION

Bloch wave homogenization is a spectral method for obtaining effective co-
efficients for periodically heterogeneous media. This method hinges on the
direct integral decomposition of periodic operators, which is not available in
a suitable form for almost periodic operators. In particular, the notion of
Bloch eigenvalues and eigenvectors does not exist for almost periodic operators.
However, we are able to recover the homogenization result in this case, by

employing a sequence of periodic approximations to almost periodic operators.

4.1 INTRODUCTION

The aim of this work is to extend the framework of Bloch wave method [CV97] to
almost periodic media. Many microstructures beyond periodic occur in nature, such
as amorphous solids like glass, motion of 2D electrons in a magnetic field [Hof76],
quasicrystals [SBGC84], etc. The mixing together of two periodic media or an
interface problem involving two different periodic media on the two sides of the
interface [BLBL15] may be thought of as an almost periodic microstructure. Fur-
ther, quasicrystals, which were discovered by Schechtman [SBGC84], are often
modeled by taking projections of periodic media in higher dimensions [KD86].
Finally, dimers and polymers have also been modeled with almost periodic po-
tentials [CdO02]. We may also note that the spectral theory of almost periodic
operators is a well studied subject [PF92]. Although almost periodic media is
completely deterministic, it serves as a bridge to stochastic descriptions of nature.
A large variety of seemingly random natural phenomena can be explained through

almost periodic structures [AII83)].

81
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The first author to study the homogenization of highly oscillatory almost
periodic media was Kozlov [Koz78]. Unlike periodic media, the cell problem for
almost periodic media is posed on R¢ and may not have solutions in the class of
almost periodic functions. This was remedied by an abstract approach outlined
in [OZ82], [ JKO94] where solutions to the corrector equation were sought without
derivatives.

Bloch wave method relies on direct integral decomposition of periodic opera-
tors. For almost periodic operators, a direct integral decomposition is proposed
in [BT&81], however its fibers do not have compact resolvent which prevents us
from defining Bloch eigenvalues for the almost periodic operator. To overcome this
difficulty, we make use of periodic approximations, which are defined by a “restrict
and periodize” operation, employed earlier by Bourgeat and Piatnitski [BP04] for
stochastic homogenization.

Bloch wave method is a spectral method of homogenization. In particular,
it relies on tools from representation theory for periodic operators [Mau68|. For

definiteness, consider an operator in [2(R¢) of the form

Fey e 0 (Kkl(z)a_u))

0Xx €/ 0xg
where the coefficients are measurable bounded, periodic and symmetric. Let T¢
denote the d-dimensional torus. Then the operator ¢ is unitarily equivalent to a

direct integral, given by

D
er Te(é)da, (4'1)

€

where the fibers #¢(&) have compact resolvent and hence each fiber has a countable
sequence of eigenvalues and eigenfunctions {Af (&), 5 (X, &) nen, Which are known
as Bloch eigenvalues and eigenfunctions when considered as functions of & € T¢/e.
Define 1" Bloch coefficient of u by

(Biu)(&) = JRd de(x, E)u(x)e ™ dx, Le .

Then as a consequence of the representation (4.1)), the equation Fcu® = f,

where f € L?(RY), can be written as a cascade of equations in the Bloch space, viz.,
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A (&)B1(uf)(&) = B5(f)
A (E)B3(uf)(&) = B5(f)

A (E)Br (u) (&) = B (f)

Homogenized equation can be recovered by passing to the limit in the first equation.
The rest of the equations do not contribute to homogenization. It is evident that
the representation is crucial in this method.

For almost periodic operators, we introduce periodic approximations on cubes
of side length 27tR which will add yet another parameter to the problem. We
perform a Bloch wave analysis of the approximation and pass to the limit in Bloch
space, first as € — 0, followed by R — oo. We mention some of the interesting
techniques employed in this chapter. The approximate Bloch spectral problems
are posed on varying Hilbert spaces indexed by R. The approximate corrector
and approximate homogenized tensors are obtained in terms of the first Bloch
eigenvector and Bloch eigenvalue of the periodization. The homogenization limit
is given a unified treatment by working in the Besicovitch space of almost periodic
functions. We will prove a module containment result for the correctors which is
of independent interest. The proof of homogenization theorem for almost periodic
media (Theorem [4.8)) is new to our knowledge.

In a previous work [1], we have considered perturbations of coefficients of an
operator which make spectral edges simple. This work may also be thought of in
the same vein. The almost periodic operator is expected to have a Cantor like
spectrum [DFG19|, and hence ill-defined spectral edges. Periodic approximations
serve to regularize the spectral edges.

Bloch wave method has also been extended to other non-periodic media such
as Hashin-Shtrikman structures [BCG"18|. A notion of Bloch-Taylor waves for
aperiodic media has been introduced in [BG19| using regularized correctors.

The contents of this chapter form a section of the preprint [2].

4.1.1 PLAN oF CHAPTER

The notation and definitions that will be required in the text have already been
introduced in Section [1.6] of Chapter [I| In Section [4.3 we will discuss two kinds
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of periodic approximations for almost periodic functions. In Section [4.4], Bloch
wave analysis of periodic approximations is performed. In Section 4.5, we prove
the homogenization result by first taking the limit € — 0, followed by the limit
R — oo in the Bloch transform of the periodic approximations. In Section 4.6, we
prove that the homogenized coefficients of the periodic approximations converge
to those of the almost periodic operator. In Section |4.7, we prove that the higher

Bloch modes do not contribute to the homogenization process.

4.2 ArLMosT PERIODIC DIFFERENTIAL OPERATORS

Consider the almost periodic second-order elliptic operator in divergence form
given by

Au ;.= —div(AVu) = J (akl(y) au)) (4.2)

-~y oy
where summation over repeated indices is assumed and the coefficients satisfy the

following assumptions:

(D1) The coefficients A = (ay(y)) are continuous bounded real-valued almost

periodic functions defined on R¢. In other words, ai; € AP(RY).
(D2) The matrix A = (ay) is symmetric, i.e., au(y) = ax(y) Yy € R4,
(D3) Further, the matrix A is coercive, i.e., there exists an « > 0 such that

Vv eR? and a.e.y € R, (A(y)v,v) > «fv|. (4.3)

Let Q) be an open set in R%. We are interested in the homogenization of the
following equation posed in H'(Q)

e 0 [ ou®)
AU = e (akl (e) axl) = f, (4.4)

where f € L?(Q) and ay, (€) = au (’E‘) Suppose that u¢ converges weakly to a limit

u € H'(Q). We shall prove in the course of this chapter that u satisfies an equation

of the form

0 ou
Awi=——a, (x) — | ="f 4.5
e (a0 5] = . (45)
and we also identify the coefficients a;,. The assumption of symmetry is not essential
for the purposes of homogenization since it is possible to define a dominant Bloch

mode [SGV04] in the non-selfadjoint case.
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Homogenization of almost periodic media was first carried out by Ko-
zlov [Koz78| using quasiperiodic approximations. Subsequently, an abstract ap-
proach was given in [OZ82], [JKO94] which is described in Subsection |1.6.2]

Some notation that we make use of, is listed below:

e We shall call a bounded continuous matrix-valued function A almost periodic

if each of its entries is an almost periodic function.

e The notation < is shorthand for < with a multiplicative constant which does
not depend on € and R but may depend on the dimension d, L* bound of A,

the coercivity constant «, etc.

1
e The notation J[ b(t) dt denotes the average @J b(t) dt of a function b
G G

over G ¢ RY. Sometimes, the notation Mg(b) is also used.

e For L > 0, let Y; denote the set [—Lm, L)

4.3 PERIODIC APPROXIMATIONS OF ALMOST PERIODIC
FUNCTIONS

Equation (4.4) is not amenable to a Bloch wave analysis due to non-periodicity of
the coefficients. Hence, we shall introduce some periodic approximations to the
coefficients of the operator (4.2)). These periodic approximations follow the simple

principle of “restrict and periodize”. Given f € AP(RRY), define
fR(y) = f(y) for y € Yg = [-Rm,Rm)¢, (4.6)

and extend to the whole of R¢ by periodization, i.e, fR(y + 2ntRp) = f(y) for all
p € Z4. Hence, the periodic approximation so constructed belongs to LB’O(YR).
The sequence f* may not converge in L*°(RR¢). In fact, the functions which
can be written as a uniform limit of periodic functions are called as limit-periodic
functions [LZ82] and they form a subclass of almost periodic functions. However,
the sequence is convergent in LIZOC(IRd) as well as uniformly on compact subsets of

RY. It is unclear if the sequence f® converges to f in B>(R¢). We remark here that

2

2 (R%) does not imply convergence in B*(RY).

convergence in L

Remark 4.1. Another periodic approximation to almost periodic functions is
constructed in [Shu78]. Roughly speaking, given a f € AP(R?), there is a sequence

of numbers (T, )new going to oo and a sequence of T, Y-periodic functions P,, such
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that [[u—Pplle1,v — 0 @s n — co. The notation ||-|[o 1,v implies that the L*° norm
is taken over the cube T,Y = [—T,m, Tnﬁ)d. The proof of this theorem involves
approximation of irrationals by rationals by Dirichlet’s Approximation Theorem.
Clearly, either of these approximations may be used for our purposes. Note that
the approximations in [Shu78|] have the advantage that they are smooth being

trigonometric polynomials; however, the sequence (T,,)new cannot be chosen.

4.3.1 PERIODIC APPROXIMATIONS OF ALMOST PERIODIC OPERA-
TORS
For R > 0, we denote by A® = (af(y))!_, the periodic approximation of A =

(aa(y))E_, at level R, as explained in (4.6), i.e., for 1 <k,1<d,

af (y) = auly) fory € Yy (a7)

af (y+2mRp) = an(y) for p € Z¢

The following operator will serve as a periodic approximation to A.

. 0 ou
AR = —div(ARVu) = —a (aEl(y)a—yl).

Such an approximation has been considered in [BP04].

4.4 BLOCH WAVE ANALYSIS FOR PERIODIC APPROXI-
MATIONS

In this section, we shall perform a Bloch wave analysis for the periodic approxima-
tions of the operator in (4.2)). In particular, we shall study, for each fixed R > 0,
the Bloch waves for the operators in L?(R¢) given by

. 0 ou
AR = —div(ARVu) = “au (aEl(y)a—yl). (4.8)
Let Y]; = [—;—R, ;—R)d denote a basic cell for the dual lattice corresponding to
D
2ntRZ4. The operator AR can be written as the direct integral J AR(M) dn, where
Y/

R

. . d d
R(n) = e MY gReiny — [ 4 3 R — 41 4.
ARM) = e M ARe (ayk +mk) akl(y)(ayl +m1)) (4.9)
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is an unbounded operator in Lj(YR). As a consequence, the spectrum of the operator
AR is the union of spectra of AR(n) as n varies in Y, [RS78, p. 284]. It can be
shown that the operators A®(n) have compact resolvent [BLP11]. Therefore, AR (1)

has a sequence of eigenvalues and eigenvectors

= (Aﬁ(ﬂ))dﬁ(y;ﬂ))»m: ]»2»-”) (4'10)

which are called Bloch eigenvalues and eigenvectors.

Remark 4.2. We shall choose ||d>‘f(-;n)HL§( = R%Y? and ¢¥(y;0) = d/z YR > 0.

4.4.1 BrocH DrecomposITION OF [?(RY)

In this section, we shall state the theorem on decomposition of functions in L[2(R¢)
using Bloch waves. We shall not go through the details of the proof, which may be
found in [BLP11], [SGV04] and [SGV05].

Consider the unbounded operator defined in L?(R¢)

0 0
ﬂR,eu = _diV(AR,€VLL) = —a—m (aEie (X) a—:), (4.].].)

where afi¢(x) = aEl(z).
By homothecy, the Bloch eigenvalues and Bloch eigenvectors for the opera-
tor (4.11)) are

NR(E) = € A8 (e8), Be 0 E) = o (Siet), (4.12)

where AR () and ¢R () are defined in (4.10).

Theorem 4.3. Let R > 0. Let g € I*(R%). Define the m™ Bloch coefficient of

g as
BReg(E) = LRd g(x)e PR E) dx, meN, EceYp  (4.13)

1. The following inverse formula holds

J ZB'“ E)PRE(x; £)e¥E dE, (4.14)
Rm 1
2. Parseval’s identity
g1 e ZJ 1B () as. (4.15)
e Y

m=1
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3. Plancherel formula For f,g € [*(RY), we have

o0

JRd f(y)g(y) dy = ZJ |, BBl g(e) de. (4.16)

m=1

auj (X)
an

4. Bloch Decomposition in H™'(R%) For an element F = uy(x) + Z]N:]
of HT'(RY), the following limit exists in LZ((—:*]Y{Q):

BREF(E) :J

R

N
d o ixE {uo(x)m + iZ EjUj(X)m} dx
=1

—ix-& . ad)_ﬁie
_JRde ;W(X) o (x;&) dx. (4.17)

The definition above 1s independent of the particular representative of F.
5. Finally, for g € D(AR),

BRE(AYG)(E) = AR (E)BRg(E). (4.18)

4.4.2 BLOCH TRANSFORM CONVERGES TO FOURIER TRANSFORM

The following lemma says that as € — 0, the first Bloch coefficient of a function
converges to its Fourier transform, which is defined as {i(§) = J u(y)e ¢ dy.
This is a consequence of the Lipschitz continuity of d)'f(y;n) in TI]R dclose ton =0,
and the choice of normalization of the first Bloch eigenfunctions (See Remark [4.2)).

For a proof, see [CV97].

Lemma 4.4. Let R > 0. Let g,g° € L?(R%) be such that the support of g¢ 1s
contained in a fized compact subset K C RY, independent of €. If g¢ converges
weakly to g in L*(RY), then we have X1y, By g¢(&) — (&) in L*(RY)-weak.

4.4.3 REGULARITY PROPERTIES OF BLOCH EIGENVALUES AND
EIGENVECTORS

In physical applications, the regularity properties of Bloch eigenvalues and eigenvec-
tors with respect to the dual parameter 1 € Y,; plays an important role, for example,
see: [ACP704], [AP05], [APR11]. It is a simple consequence of the Courant-Fischer
minmax principle that Bloch eigenvalues are Lipschitz continuous in the dual
parameter [CV97]. However, such limited regularity is usually not sufficient for
our purposes. We require the following theorem about the behavior of the first

Bloch eigenvalue and eigenvector in a neighborhood of 0 € Y];.
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Theorem 4.5. There is a neighborhood Uy = {n € Y]; i Inl < dr}, where by s
a positive real number, such that the first Bloch eigenvalue ?\?(n) 15 analytic
forn € Ug and the first Bloch eigenvector ¢f(n) € H; (Yr) may be chosen to be
analytic for n € Ug.

A proof of Theorem that uses the notion of infinite-dimensional de-
terminants can be found in [CV97]. Another proof that uses the Kato-Rellich
Theorem [RS78|, [Kat95] may be found in [SGV04].

Remark 4.6. The radius Oy of the neighborhood Uy depends on the gap between
the first and second Bloch eigenvalues of the operator AR. The limit operator of AR
is the almost periodic operator ‘A which often has a Cantor-like spectrum [DFG19].
Hence, we expect the spectral gap to vanish in the limit R — oco. Therefore, the

neighborhood Uy is expected to shrink to O in the limit R — oo.

4.4.4 DERIVATIVES OF THE FIRST BLOCH EIGENVALUE AND EIGEN-
FUNCTION

In the theory of periodic homogenization [BLP11], homogenized coefficients are
given in terms of solutions of the cell problem which is an equation posed on the
basic periodic cell. For the R™ periodic approximation (4.8)), we recall the cell
problem and the homogenized coefficients below.

The homogenized coefficients for the R periodic approximation are given by:

1 J 1 owhl
ad*=—1| a®y)d +—J ak (y)——d 4.19
kl IYrl Jv, aly) dy YRl Jv, kp(y) oYy 9 ( )

where WRP € H; (Yg) satisfy the following cell problems for 1 <p < d:

d owRp\  0af
i v (QE‘ v S ): By, ) 1 Ve (420)

The functions w®P are called correctors and w® is called corrector field. We
recall that AR(n) and ¢¥(n) are analytic in Ug c Y. The proof of the following
theorem is standard and may be found in [CV97] or [SGV04].

Theorem 4.7. The first Bloch eigenvalue and eigenfunction of the R periodic

approzimation AR satisfy:

1. A¥(0) = 0.
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2. The eigenvalue A¥(n) has a critical point atn =0, i.e.,

AR
ons

(0)=0,¥s=1,2,...,d. (4.21)

8. Fors=1,2,...,d, the derwative of the eigenvector (0¢¥/0n,)(0) satisfies:

(0} /0m;)(y;0) —idF(y; 0)wRs(y) is a constant in y.

4. The Hesswan of the first Bloch eigenvalue at 1 = 0 s twice the homoge-

nized matriz a*

1R
2 on.omy

(0) = afy. (4.22)

4.4.5 BOUNDEDNESS OF CORRECTOR FIELD

We will show that the sequence (VWRP)g., is bounded in B?(R¢), independent of
R. We know that for each R > 0 and 1 <p < d, VwRP € (Lﬁ(YR))d c (B%(R%))4

satisfies

(4.23)

M(ARTWRPYRP) = ZM( af, ag" ’p)

Using the coercivity and boundedness of the matrix A, we obtain:

el VWU < CIPWE iz 0

(Yr))

From the last equation, we obtain the norm-boundedness of (VW®?) in (Lé(YR))d
and hence in (B%(R%))<.

4.4.6 BOUNDEDNESS OF HOMOGENIZED TENSORS

Due to the boundedness of derivatives of the correctors proved in Subsection |4.4.5
the sequence of numbers a%*, defined in , is bounded independently of R.

Further, it follows from the identification ( that the sequence of numbers
23R
%%(0) is bounded. Hence, there is a subsequence, still labeled by R, for which

23R
the sequence 162 211 (0) converges. We shall call this limit as a;,, i.e.,
0%AR

li 1L (0) =2a’,. 4.24
£ g 0~ 20 (420
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4.5 HOMOGENIZATION RESULT

In this section, we shall state the homogenization result for almost periodic media
and prove it using the Bloch wave method. It will be seen in a further section that
the coefficients a;,, defined in , coincide with the homogenized coefficients
for almost periodic media [OZ82]. In this section, we shall assume summation over

repeated indices for ease of notation.

Theorem 4.8. Let Q be an arbitrary domain in RY and f € L?(Q). Let

u¢ € H'(Q) be such that u¢ converges weakly to u* in H'(Q), and

AU = fin Q. (4.25)
Then
1. For allk=1,2,...,d, we have the following convergence of fluzes:
e, ou , ou’ .
kl(x)a_m(x) — akla_xl(x) in L*(Q)-weak. (4.26)

2. The limit u* satisfies the homogenized equation:

0 ou*
hom, * __ *
AW = —— (“kl_axl

e ) =f mn Q, (4.27)

where (aj,)1<k1<a are given in (4.24).

The proof of Theorem is divided into the following steps. We begin by
localizing the equation (4.25) which is posed on Q, so that it is posed on R¢. We
take the first Bloch transform B’f*e of this equation and pass to the limit € — 0,
followed by the limit R — oo. The proof relies on the analyticity of the first Bloch
eigenvalue and eigenfunction in a neighborhood of 0 € Y,;. The limiting equation is
an equation in Fourier space. The homogenized equation is obtained by taking the

inverse Fourier transform.

4.5.1 LOCALIZATION

Let 1o be a fixed smooth function supported in a compact set K ¢ R¢. Since u¢

satisfies A°u® = f, Pou® satisfies

AR (o) (x) = Bof(x) + g°(x) + h¥¥(x) +1%(x) in RY,  (4.28)
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where
G°(x) = — 5 (x)a, [x) g (), (4.29)
R (x) = — o (%(XJaEf (x)ue(x)), (4.30)
1<) =~ (wo(x) (ake () — a (%) %—;‘f(x)) . (4.31)

While the sequence g€ is bounded in [?(R¢), the sequences h®¢ and 1®¢
are bounded in H™'(RY). Taking the first Bloch transform of both sides of the
equation (4.28)), we obtain for & € e Uy a.e.

APE(E)BY (Wous) (&) = BY* (Wof) (£) + By g°(&) + BY R (&) + BP1H(E)
(4.32)

We shall now pass to the limit € — 0, followed by the limit R — oo in the

equation (4.32).

4.5.2 LimMIT € — 0
LIMIT OF ANE(&)BYe(Pou®)

We substitute the power series expansion of the first Bloch eigenvalue about n =0
in AP€(£)BP¢(Pouc) and then pass to the limit e — 0 in L5 (R¢)-weak by applying
Lemma 4.4 to obtain:
] 9%
2 0n,0m;

(0)EsEou* (£). (4.33)

LIMIT OF BN (1,f)

A simple application of Lemma yields the convergence of B'f’e(tbof) to (Pof) in
L} (RY)-weak.

loc

LIMIT OF BY¢g®

The sequence g¢ as defined in (4.29) is bounded in [*(R%) and hence has a weakly

convergent subsequence with limit g* € [?(R¢). This sequence is supported in
€

o
[2(Q), hence has a weakly convergent subsequence whose limit is denoted by oy for

a fixed set K. Also, note that the sequence oy (x) = ag(x) (x) is bounded in

k=1,2,...,d. Extend o} by zero outside () and continue to denote the extension
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by oy. Thus, g* is given by —all’—ocr Therefore, by Lemma we obtain the

following convergence in LIOC(RS)—Weak.

0y

an

Xe-1ue (E)B1g°(E) 4—( (x )o;:(x))(a). (4.34)

Notice that the limit is independent of R.

LIMIT OF Bhehke

We have the following weak convergence for 8ph® in L} (R{).
lim xeo1y, (&) BRERPE(E) = —1&al %(x)u"(x) (&) (4.35)
e e U 1 kl ox, :

We shall prove this in the following steps.

STEP 1 By the definition of the Bloch transform (4.17) for elements of H™'(RY),

we have

: —ix- aLI’ € €
BPThhe(E) = —i& J}Rd e ¢ axf ()@ (XJus (x)f (z e&) dx
—1X£alp0 R,e € a¢$ ﬁ
-I-JRd o, (x)ag(x)u (x)—an (e’ e&) dx. (4.36)

STEP 2 The first term on RHS of is the Bloch transform of

—1& all)0( Jafe(x)uc(x) which converges weakly to —i& M(ay,) (%%’(x)u*(x)).
STEP 3 Now, we analyze the second term on RHS of (4.36). In order to do
this, we use the analyticity of first Bloch eigenfunction with respect to the dual
parameter n near 0. We have the following power series expansion in H; (Ygr) for
$X(n) about n = 0:

R

R(e.. 09,
dF(ysm) = dF(y;0) +ns=—(y;0) + v*(y;n). (4.37)

ons

We know that y®(y;0) = 0 and (9yR/0m;,)(y;0) = 0, therefore, y*(:m) = O(m[*) in
).

L (Ug; H(Yr)). We also have (9y®/dyi)(sn) = O(nl*) in L (Ug; L (Yx)). Now,

$’€(x;a):¢$(z ) q>1( )+ as%ij(z;o)+v‘*(§;eé). (4.38)

Differentiating the last equation with respect to xi, we obtain

st (pe) =g (o) G (5e)
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For ¢ belonging to the set {§ : €& € Ug and |&| < M}, we have

ov* _ 2y _ 2 2 2.2

2 (5 e&) = O(leg&”) = e”O(JE)") < CM?e’. (4.40)
K

As a consequence,

e? ov* (x/€;€&) e L (RY: L2 (eYR)) (4.41)
a_k ) 3 R RJJ- .

y loc
The second term on the RHS of (4.36]) is given by

Xe1uR(E)J ei“%(x)a}fl(z)ue(x)i (T?(f; e&)) dx. (4.42)

K 0x; € 0xy €

Substituting (4.39)) in (4.42)), we obtain

Xe1ug (&) J e_i"'£%(7c)a]'§1 (E)ue (x) [& 0 ad)$ (2'0) +e! a—L/R (E, e&)] dx.

K M "Oxi om \e’

(4.43)

In the last expression, the term involving YR goes to zero as € — 0 in view of (4.40)),
whereas the other term has the following limit due to the strong convergence of u®

and weak convergence of (a}fl(x/e)% (%(x/e;O))):

AR _
M (a}f{(y)% ( a:': (y; 0))) &s LRd e_”"a%—?:(x)u*(x) dx. (4.44)

STEP 4 By Theorem [4.7] and Remark [4.2, it follows that

R ()0 (6¢5

R,s
M{abiv)ge- (G0l = —izm m(at G w). @)

0y

Therefore, we have the following convergence in Lfoc(Rg)-Weak:

R,s N
e EIBRRR() = it {Mal) + M (ol ) o) (G0 ) &
Yk X1
on

E)x1

~ el (R owto) (4.46)

LIMIT OF Bhelke

Let v = Po(x)(afe(x) — af (x))2=(x), then by the definition of the Bloch

axl

transform (4.17) for elements of H'(RR%), we have

BYIRe(E) = —i&kJ e MEVRe(x) pE (E ea) dx
R4 L
- 0Py (x
—ix-&,,R,e AN A
I L PR
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The sequence vj¢ is bounded in L*(RY), hence converges weakly to a limit
vk e L(RY). The first term on the RHS of (4.47)) is the Bloch transform of —i&; v
hence by Lemma , it converges to —iEk(VE(x)ﬂE).

Using equation (4.39)), the second term on RHS of (4.47)) can be written as

[ e D AR S LD

The second term in the above expression goes to 0 in view of (4.40). The

R
sequence zR¢(x) = V;}E(X)%% (;0) is bounded in L*(R®). Therefore, it has a
weakly convergent subsequence whose limit we shall call z8. The second term on

RHS of (4.47) converges to the Fourier transform of &zX

lim BRI — —i8, (WR(x)) (&) + & (2F). (4.49)

e—0

Finally, passing to the limit in (4.32) as ¢ — O by applying equa-
tions (4.33), (4.34), (4.35) and (4.49)) we get:

RS e (Ao
3 5o (OVELETAE () =(ofTIE) (S (x)o3 0 (0
—i&ay (a”’f( ) *(x))(z,)—iak(vi(xma)+as(z§)f

(4.50)

4.5.3 LimMIT R — o0

In the equation (4.50) above, we pass to the limit R — oo as follows:
Firstly, observe that

VRll2(ray < liIgljglf||VE’€|’L2(Rd) < leaxHaEf — aglliex) = leax laf, — awllis(ex),

due to the weak lower semicontinuity of norm. Hence, VE — 0 as R — oo.

Secondly,
||Z§||L2(]Rd) < liren_)i(-')ﬂf |’Z§’€||L2(1Rd) < Cnllf{x HGE{G - (11€<1||L°°(K) = Cﬂllﬁx HGEL - akl||L°°(eK)a

due to the weak lower semicontinuity of norm. Hence, z8 — 0 as R — oo.

As a consequence we obtain the following limit equation in the Fourier space:

0o
Oxx

0o

a—Xl(x)u*(x)) (§). (4.51)

0Ly B ot (£) = hof — ( Uﬁmya;mqi
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4.5.4 PROOF OF THE HOMOGENIZATION RESULT

Taking the inverse Fourier transform in the equation (4.51)) above, we obtain the

following:

(A (Pou”)(x)) = of — 2 (x)ar, (x) — afy s (al')o( )u*(x)), (4.52)

an Udx, an 8x1

where the operator A™™ is defined in (4.27). At the same time, calculating using

Leibniz rule, we have:

. 0 .0 ou*
AP o)) = B A ) = iy G0 0 0 G G )
(4.53)
Using equations (4.52) and (4.53), we obtain
0
Bl (o = 1)) = 522 a5 5 3 i) (454)

Let w be a unit vector in R¢, then VPo(x)e™* € D(Q). On substituting in the

above equation, we get, for all k =1,2,...,d and for all {y € D(Q),
Po(x) [akla_(x) - Gk(x)] =0. (4.55)
X1
Let xo be an arbitrary point in QO and let {y(x) be equal to 1 near x,, then for a

small neighborhood of x,:

a *
fork=1,2,...,d, [a;;ll(x) - o;;(x)] —0 (4.56)
aXl
However, xy € Q) is arbitrary, so that
A™y* = f and o} (x) = a]*dg%(x). (4.57)
1

Thus,we have obtained the limit equation in the physical space. This finishes the
proof of Theorem

4.6 IDENTIFICATION OF THE HOMOGENIZED TENSOR

In this section, we recall that a;; can be identified with the homogenized tensor
for the almost periodic operator A [Koz78, [0Z82, [ JKO94| and that aj, does not
depend on any subsequence of a]'ji*. The study of homogenization of almost periodic
media was initiated by Kozlov [Koz78|] who also obtained a convergence rate for a
subclass of quasiperiodic media. Subsequently, an abstract approach which seeks
solutions without derivatives was explained in [OZ82], [JKO94] and is described in

the next subsection.



4.6 Identification of the Homogenized Tensor 97

4.6.1 CEeLL PROBLEM FOR ALMOST PERIODIC MEDIA

We begin by introducing the cell problem for almost periodic operator A. Consider
the set S = {Vd : ¢ € Trig(R% R)} as a subset of (B*(R?))¢, the Hilbert space of
all d-tuples of BZ2(R%) functions. Let W denote the closure of S in (B?(R%))4. Let
U= (w,uy...,uq) e Wand V = (vi,vz,...,vq) € W. On W, define the bilinear

form
a(U,V) = MAU-V). (4.58)

Then clearly the bilinear form a is continuous and coercive on W. Let & € R4,

Define a linear form on W by
(V) = —M(AE - V), (4.59)

for V. € W. The linear form l; is continuous on W. As a consequence, by Lax-

Milgram lemma, the problem
a(N& V) =1:(V), YWV e W (4.60)

has a solution N® € W and by the classical theory of almost periodic homogeniza-

tion [OZ82], the homogenized coefficients for A are given by
q]*d :M(ek-Ael—i—ek-ANel), (461)

where e; denotes the unit vector in R¢ with 1 in the i'" place and 0 elsewhere.

Since periodic media are also almost periodic, a question arises as to whether

the formulation (4.60)) is consistent with (4.20]).

We restate the two cell problems here in their variational formulations:

The corrector w®¢ satisfies
My, (ARVWRE - V) = —My, (ARE - Vo) (4.62)
for all ¢ € H; (Yg) whereas N¢ satisfies
M(ARNRE. V) = —M(ARE - V), (4.63)
for all Ve W.

Lemma 4.9. Let wR% and N®¢ satisfy (4.62) and (4.63) respectively, then it
holds that
NRE = FpRe,
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Proof. We will show that Vw®* solves the variational formulation (4.63). To see
this, it is enough to use test functions V € S. Further, due to linearity, it is enough
to use test functions of the form V = V(e'¥"). Now, observe that if 1 € 2nrRZ¢,
then Vw®?% satisfies since it reduces to equation due to the equality
M(f) = My, (f) for Yg-periodic functions f. On the other hand, if n ¢ 2nRZ9,
once again Vw®* satisfies (4.63)), both sides of which are identically zero, because
M(f(-)e¥") = 0 whenever 1 is not among the frequencies of f. Hence, in either
case, VWR* satisfies equation (4.63). Finally, due to uniqueness,

NRE = PikRe,
O

Given an almost periodic function f, let A(f) denote the set of all £ € R¢
such that M(fe %) # 0. Let Mod(f) be the Z-module generated by A(f). The Z-
module Mod(f) shall be referred to as the frequency module of f. In the argument
above, we have shown that Mod(N®%) € Mod(AR). This argument can be readily
generalized to a module containment theorem for the correctors. In particular,
we may prove that Mod(N¢®) € Mod(A). To paraphrase, the frequencies of the
correctors are generated from the frequencies of the coefficients. To this end, we
define a closed subspace of the Hilbert space B?(R¢Y) in the following manner.
Consider the set of all real trigonometric polynomials whose exponents come from
Mod(A) and call it Trig, (R%R). The closure of Trig, (R4 R) in B*(R%) will be
denoted by B%(R?). Consider the set S = {Vd : ¢ € Trigy(R?)} as a subset of
(B4 (R%))4, the Hilbert space of all d-tuples of B3 (R?) functions. Let W, denote
the closure of S in (B%(R%))4. To begin with, we prove that the frequencies of a
given function u € B3 (R?) belong to Mod(A).

Lemma 4.10. Let u € B4(R%). Let & € R? such that M(u-e™%) # 0, then
& e Mod(A).

Proof. Since u € Bf\(Rd), we have a sequence of trigonometric polynomials u, €
Triga(RY) such that M(lu, —ul*) — 0. Let & ¢ Mod(A), then

M- €9 < Ml - )]+ IM((n —u) - )]
— IM((un — ) - €™
< (Mlun — )",

which can be made arbitrarily small. Therefore, M(u - e*¢) = 0. O
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Now the equation
—div(A(§+N)) =0in R?

has two variational formulations as below:
Find N% € W, such that

M(ANS - V) = =M(AE- V), (4.64)
for all V € W, and find N% € W such that

M(ANE-V) = —M(AE - V), (4.65)
for all Ve W.

Lemma 4.11. Let Nf\ and N¢ satisfy (4.64) and (4.65) respectively, then it
holds that
N& = N&.

In particular, N& € (B4(R%))? and hence Mod(N%) € Mod(A).

Proof. We will show that Nf\ solves the variational formulation . To see this,
it is enough to use test functions V € S. Further, due to linearity, it is enough
to use test functions of the form V = V(e"). Now, observe that if 1 € Mod(A),
then N satisfies since it is the same as equation (4.64). On the other hand,
if n ¢ Mod(A), once again Nf\ satisfies , both sides of which are identically
zero, because M(f(-)e™) = 0 whenever 1 is not among the frequencies of f. Hence,
in either case, Nf\ satisfies equation . Finally, due to uniqueness,

N& = N&.
O

Remark 4.12. By Lemma we can conclude that if A is periodic then N¢ is
also periodic. Thus, it is possible to conclude Lemma from Lemma [4.11] We
would also like to point out that Lemma |4.11|is a qualitative version of Theorem
where the almost periodicity of Vw® is expressed in terms of almost periodicity

of A. Module containment results pertaining to a variety of differential equations
may be found in [Fin74, [APTI].
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4.6.2 CONVERGENCE OF HOMOGENIZED TENSORS

It was proved by Bourgeat and Piatnitski [BP04, Theorem 1] that approximate
homogenized tensors defined in using periodic correctors defined in (|4.20))
converge to the homogenized tensor of almost periodic media. They rely
on homogenization theorem for almost periodic operators [JKO94, p. 241] and an
auxilliary result on convergence of “arbitrary solutions” [JKO94, Theorem 5.2]. We

restate this theorem here without proof for which we refer to [BP04].

Theorem 4.13. (Bourgeat € Piatnistski [BP04, Theorem 1]) Let 1 <k,1<d
and let a;;" and (y, be defined as in and respectively, then
ad* — gy, as R — oco.

In Subsection , we showed that the sequence of homogenized tensors aE{‘

is bounded and hence converges for a subsequence to a limit aj,. The theorem of
Bourgeat and Piatnitski shows that, in fact, the whole sequence converges to the
limit ¢;,. Therefore, a;; = q;,.
Remark 4.14. We can similarly prove that the limit of the fourth-order derivative
of the first Bloch eigenvalue at 0 exists. This derivative is called the dispersive
tensor [ABV16] or Burnett coefficients [COV06], and is useful in establishing
dispersive effective models for long time homogenization of wave propagation in
periodic media [DLS14].

4.7 HIGHER MODES DO NOT CONTRIBUTE

The proof of the qualitative homogenization theorem (Theorem only requires

the first Bloch transform. It is not clear whether the higher Bloch modes make any

contribution to the homogenization limit. In this section, we show that they do

not. We know that Bloch decomposition is the isomorphism [2(R%) = L2(Y’; ¢*(IN))

which is reflected in the inverse identity (4.14)). For simplicity, take Q = R¢ and

consider the equation A°u® = f in R which is equivalent to

BREAU(E) = BRf(E) Ym=1VEee Yy,
which may be further expanded to
BREADU(E) = BRA(E) + (BRV - (A= AR)VuS) () Ym21,¥VEee Yy,
or
AR (E)BR U (E) = BRF(E) + (BRV - (A° — AR)VUC) (£) Ym2T1,VEee 'Y,

(4.66)
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We claim that one can neglect all the equations corresponding to m > 2.

Proposition 4.15. Let

[e o]

V) = | Y Bk et de,
e 1Y,

- TRm=2

then |[V®¢|l 2ra) < cRe. Hence, given any sequence, ex — 0, we can find a

sequence Ry such that v — 0 as k — oo.

Proof. Due to boundedness of the sequence (u€) in H'(R%), we have
J AP uE < C. (4.67)
Rd

However, by Plancherel Theorem (4.16)), we have

(o)

ZJ (BheAb<ue) (£) BReus(£) dE < C
e—‘Y];

m=1

AP UE =
R4

Using ({4.18)), we have

o0

> | Aeesiwierasc.

e

Now, by a simple application of Courant-Fischer min-max principle, we can show
that

C ’
A 2 A M) 2 AS (AR 2 o5 >0 Ym=2 YneY, (4.68)

where ?\ZR(—A, R) is the second eigenvalue of Laplacian on Yg with Neumann bound-
ary condition on 0Yg. The bound quoted is standard for the Neumann Laplacian
on a rectangle but it may also be understood as an instance of the fundamental
gap inequality for Neumann Laplacian on convex domains [PW60]. We also know
that ARe¢(&) = e 2AR€, therefore, combining these two facts, we obtain

o0

ZJ BRus(E) d& < CR?e?.

7] ’
m=27€" Vg

Now, given any sequence €, — 0, we can choose a sequence Ry — oo such that

Ri < %, then along this sequence

o0

ZJ |BReus(&)? dE < Ce.
e*1Yé

m=2

2
R’€|’L2(Rd) .

proof of this Proposition. O

By Parseval’s identity, the left side is equal to [[v This completes the
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Remark 4.16. The product “Re" is the resonance error [Gloll], [GH16] due to
the approximation. The above discussion explains the relation between higher
modes of the Bloch spectrum and the resonance error. In particular, the periodic
approximation serves to separate the lowest Bloch mode from the rest of the
spectrum and the limit R — oo represents the loss of simplicity and hence analyticity

of the lowest Bloch eigenvalue near zero.

4.8 COMMENTS

In [TarQ9] , Tartar writes “Although Bloch waves require a periodic medium in
order to be defined, it is clear that physicists use some results from the theory
in situations which are not exactly periodic, because of defects for example.
It should be useful to understand if there 1s a natural topology for measuring
how far a material 1s from a periodic medium, so that some results from the
theory of Bloch waves still apply.”

It appears that a perturbative method such as ours can model such a distance
from periodicity, for example, defects, almost periodicity, transmission problems.
The overarching theme of this thesis has been replacement of the original partial
differential operator with approximations that have properties desirable for a Bloch
wave analysis. We hope to apply such methods to a variety of problems.

On the other hand, a non-commutative notion [BT81] of Bloch decomposition
exists in the literature. Although this is couched in the difficult language of C*
algebras and non-commutative integration theory, the apparatus is exact rather
than an approximation. We would like to explore the relation between our work and
these tools. In particular, the shrinking of the Brillouin zone for the approximations
seems to be related to the notion of tiny spaces in the work of Bellisard. One also
wonders whether these tools have any computational advantages over the existing
method.

In this chapter, we rely on the theorem of Bourgeat and Piatnitski [BP04]
for the convergence of approximate homogenized tensors associated with the
periodizations. We would like to prove this result independently preferably using
methods from spectral theory. However, in homogenization, one often encounters
sequences with multiple limit points. Also, the almost periodic operator is not
necessarily periodic therefore Bloch wave theory is not expected to be enough for

such an analysis.



CHAPTER b5

APPROXIMATION OF EFFECTIVE
COEFFICIENTS OF ALMOST PERIODIC
MEDIA

In homogenization of almost periodic media, the cell problem is posed on R¢
and the homogenized coefficients are mean values of almost periodic functions.
In practice, the homogenized coefficients are computed using approximate cell
problems posed on cubes of increasing size with different boundary conditions.
In this paper, we prove that approximation of homogenized tensor using cell
problem with Dirichlet boundary conditions converge to the homogenized
tensor of almost periodic media. We also provide an estimate for the rate
of convergence under a suitable decay hypothesis on a modulus of almost
periodicity defined in [ACS14]. The theoretical results are supplemented with

numerical study.

5.1 INTRODUCTION

Although we are not able to obtain a rate of convergence for the approximate
homogenized tensors corresponding to periodization, in this chapter, we obtain
a rate of convergence for Dirichlet approximations of homogenized tensors for a
class of almost periodic media. To this end, we use ideas from [BP04], [Shel5]
and |Gloll|]. Bourgeat and Piatnitski [BP04] prove a convergence rate for approxi-
mate homogenized coefficients for stochastic media under strong mixing conditions.
The stochastic process generated by almost periodic media is strictly ergodic and
not mixing [Sim82]. Therefore the result of Bourgeat and Piatnitski does not

apply to them. This necessitates a quantification of almost periodicity. One such

103
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quantification is proposed in [ACS14]. We would also like to point out that an
important assumption for obtaining rate of convergence for periodic approximations
of stochastic media [Fis19] is that coefficients restricted to cubes should follow the
same statistics as the coefficient field on R¢. A similar criterion for almost periodic

media is open.

5.2 RATE OF CONVERGENCE FOR DIRICHLET APPROXI-
MATIONS

Let aj, denote the (k,1)™ entry of the homogenized tensor for the almost periodic
operator. We shall mostly write this as ey - A*e;. Similarly, the homogenized tensor
associated to the periodization AR will be denoted by A®*. In Section 4.6, we
observed that A®* — A*. It would have been ideal to obtain rate of convergence
estimates for the error |[A* — A®*|, however we have been unable to do so. In
lieu of this, we provide rate of convergence for Dirichlet approximations to the
homogenized tensor in this section. We also carry out a numerical study with some
benchmark examples. Dirichlet approximations to the homogenized coefficients
are obtained by constructing the approximate correctors with Dirichlet boundary
conditions as opposed to the earlier proposed periodic ones. In what follows, we

shall also discuss the difficulties in proving the rate of convergence for A®* to A*.

5.2.1 VoOLUME AVERAGING METHOD

In engineering, the Volume averaging method [BQW88| is employed to determine
effective behavior of heterogeneous media by using averages of physical quantities,
such as energy, on a large volume of the domain under consideration, called a
Representative Elementary Volume [Whil3]. A comparison between the mathemat-
ical theory of homogenization and volume averaging is carried out in [DBB™13].
In a well-known paper of Bourgeat and Piatnitski [BP04], the volume averaging
technique has been employed to obtain approximations to homogenized tensor for
stochastic media.

The homogenization of stochastic as well as almost periodic media has two
major difficulties - the cell problem is posed on R® and the loss of differential
structure, i.e., the correctors do not appear as derivatives in the cell problem (|4.60))
in almost periodic and stochastic homogenization. The differential structure is

important as it is responsible for the compensated compactness of the oscillating
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test functions in homogenization [CK97]. As a compromise, many authors such as
Kozlov [Koz79], Yurinski [Yur86] have introduced cell problems with a penalization
(or regularization) term to recover the differential structure. However, these
problems are still posed on RY. The homogenized tensor appears as a mean value
on R? which makes the computation of homogenized tensor impossible. Hence,
volume averages on large cubes provide a suitable proxy for the homogenized
tensor.

Like stochastic media, almost periodic media exhibits long range order.
Stochastic media is quantified in terms of mixing coefficients. In contrast, the
process generated by almost periodic media is not mixing, although it is er-
godic [Sim82]. In some sense, almost periodic functions fall half way between
periodic and random media. Therefore, a quantification specific to almost pe-
riodicity is required in order to obtain quantitative results in homogenization
theory. A modulus p(A) of almost periodicity is defined in [ACS14], which has
been employed by Shen [Shel5| to extend the compactness methods in [AL87] to
almost periodic homogenization. Shen also proves that the small divisors condition
of Kozlov [Koz78| implies a decay hypothesis on p(A). Kozlov was the first to
prove a rate of convergence estimate in homogenization of almost periodic media
satisfying the small divisors condition. Thereafter, quantitative homogenization of
almost periodic operators has seen a resurgence in the works of Armstrong, Shen
and coauthors [ACS14, [Shelb) [SZ18| [AS16], [AGK16]. In particular, they extend
the regularity theory in homogenization using compactness methods, which was
pioneered by Avellaneda and Lin |AL87].

In the next subsection, we shall introduce the Dirichlet approximations, for
which we prove a rate of convergence under a suitable decay hypothesis on the
modulus of almost periodicity of the almost periodic media. Previously, rate of
convergence for approximations to homogenized tensors of almost periodic media
have been considered in [GH16] under the small divisors condition of Kozlov.

The contents of this chapter form a section of the preprint [2].

Remark 5.1. As pointed out in the introduction, to obtain rate of convergence for
approximate homogenized tensors corresponding to periodization of stochastic me-
dia, one requires that AR follows the same probability distribution as A [Fis19]. An
equivalent question for almost periodic media would be whether the periodization

AR has the “same” almost periodicity as A.
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5.2.2 DIRICHLET APPROXIMATIONS OF CELL PROBLEM

The cell problem for almost periodic media (4.60) is posed in R?. The following
is its Dirichlet approximation, which is the truncation of on a cube Yy =
[—R7, Rmr)¢ of side length 27tR. Let H)(Yg) denote the space of all L*(Y) functions
whose weak derivatives are also in L?(Yg) and whose trace on Yy is zero.

Given & € RY, find wPP& € H}(YR) such that

—V-A(E+ VwhDE) =0, (5.1)
Then Dirichlet approximation ARP* = (aE{D**) to the homogenized tensor is given
by
d dwRDet
apP* = My, | ai + Z Qg oy (5.2)
j

5.2.3 CONVERGENCE RESULT

The Dirichlet approximations for the homogenized tensor converge to the homoge-
nized tensor of almost periodic operators. This is the content of the next theorem

whose proof is omitted since it may be found in [BP04] Theorem 2].

Theorem 5.2. (Bourgeat € Piatnistski [BP04, Theorem 2]) Let A®P* be
defined as in (5.2) and let A* be defined as in (4.61), then ARP* — A* as

R — 0.

5.2.4 RATE OF CONVERGENCE ESTIMATES

In this subsection, we will estimate the error |A* — A®P*| using the strategy of
Bourgeat and Piatnitski [BP04]. Their techniques were refined and improved by
Gloria and his coauthors [Gloll], [GH16|, [GO17]. We shall follow the ideas of
these authors to establish convergence rate for A®P* in terms of the following
quantification of almost periodicity as introduced in [ACS14]. For a fixed L > 0
and a matrix A with entries in L>(RR¢), define the following modulus of almost
periodicity:

p(A,L) == sup inf [A(- +y) — A(: + 2)l[Lo(ra). (5.3)
yeRd |z|<L

It follows that A is uniformly almost periodic if and only if p(A,L) — 0 as L — oo.
In particular, for periodic functions, the modulus becomes zero for large L. We are

now ready to state the theorem on the rate of convergence.
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Theorem 5.3. If A € AP(RY) is such that, for each L > 0, p(A,L) satisfies
p(A,L) < 1/L" for some T > 0, then, there exists a 3 € (0,1) such that

% 5 1
AT — ARDP| < =B (5.4)
where A* and A®P* are defined in (4.61) and (5.2)) respectively. O

5.2.5 STRATEGY OF PROOF

The proof of Theorem will be done in four steps. We have already seen
two cell problems corresponding to the almost periodic media and its Dirichlet
approximation, viz., and . We shall require two more cell problems,
corresponding to regularization of and . For the sake of convenience,
we list all the requisite cell problems below. For & € R¢ and T > 0:

(D) Find w®Pé e Hi(YR) such that

—V - (A(E4+ VWhPE)) = 0. (5.5)

(DT) Find w™* € H}(Y) such that

—V - (A(E+ VWPPE)) 4 T TIwpPt = 0. (5.6)

(AP) Find N¢ € (B*(R?))¢ such that
M(AN® V) = —M(AE - V) (5.7)
for all v e {V : ¢ € Trig(RY)}.
(APT) Find w$ € H] _(RY) such that

—V - (A(E+ VW) + T 'wh =0, (5.8)

The homogenized tensor A* is defined as
E-ATE = M((E+NF) - A(E+NF)).
Define A} as
£ AGE = M((E+YW) - A(E+ V). (5.9)
Also, define the truncated average KIR as

— 1
a-AT,Ra:—J ((&+Vwy) - A+ Vni)) dy,
IYR| Jyq
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and define the Dirichlet approximation A®P* to A* as

£ AR’D’*E, _ |Y1? JY ((é + VWR»D»E) A&+ VWR,D,é)) dy.

The homogenized tensor corresponding to the regularized Dirichlet cell prob-

lem (5.6) is
1
& ARDrE = Al J ((&+ VPP - A(E + VWiPH) dy. (5.10)
Yr

With the notation in place, we can proceed with the strategy for obtaining the
rate of convergence estimates. This is essentially the same as the one employed by
Bourgeat and Piatnitski [BP04] to obtain estimates for Dirichlet approximations

of homogenized tensor for random ergodic media. We shall write
A*— ARD < A" — A%+ AT — Aqgl + [Agg — ARD| 4 |ARD> — ARD| - (5.11)

In the above inequality, the first and last terms on RHS are estimated in
terms of the rate of convergence of regularized correctors to the exact correctors as
T — oco. The proof of this estimate for the first term is available in Shen [Shel5].
For the proof of estimate for the last term, we adapt the argument in Bourgeat
and Piatnitski [BP04].

The second term corresponds to rate of convergence in mean ergodic theorems.
This estimate is available for periodic and quasiperiodic functions and is of order
1/R. In Blanc and Le Bris [BLB10] and Gloria [Gloll], a different truncated
approximation is proposed, through the use of filters; either as a weight in the
cell problem or as post-processing. Such approximations have faster rates of
convergence. However, we shall write this rate of convergence in terms of p(A,L)
following [SZ18].

The third term on RHS corresponds to a boundary term which is controlled
by the Green’s function decay of the regularized operator T-' — V- (AV) in R4,
The proof is essentially due to Bourgeat and Piatnitski [BP04] for stochastic media
but has lately been refined by Gloria [Gloll] for general media (also see [GO17]).

In the next subsections, we shall prove the four convergence rates.

5.2.6 RATE OF CONVERGENCE OF REGULARIZED CORRECTORS

We will begin by establishing the existence of the regularized correctors as defined
in (5.8). This can be done in two ways. One is by following the derivation
theory of Besicovitch spaces as presented in Casado-Diaz and Gayte [CDGO02].
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The other method is to build solutions in Hfoc(Rd) directly by approximations on
disks [PY89], [Shelb]. The second method is more general as it does not require
the assumption of almost periodicity on the coefficients. However, the existence
of a derivation theory on Besicovitch spaces makes it easier to obtain a priori
estimates.

For p € (1,00), BP(RRY) is the closure of trigonometric polynomials in the
semi-norm M(| - [?))"/P. Let D* be the space

D*:={¢$ e C®°(RY) : Db € B'(RY) N L°(RY) for all multiindices «}, (5.12)

which is analogous to the space of test functions for defining weak derivatives in
the theory of distributions. Next, given a function u € B'(RY), define its mean
derivative 0;u as a linear map on D* given by o;u(¢) = —M (ug—z) This definition
is well defined in the sense that if u; and u, are two functions in B'(R%) such that
M(lu; —uy|) = 0, then they define the same mean derivative. Moreover, if the
distributional derivative of a function u € B'(RY) is also in B'(R¢Y), then it agrees
with the mean derivative of u. The following definition of the Besicovitch analogue

of Sobolev spaces is presented in [CDGO02]:
B"P(RY) := {u e BP(RY) : 3w € BP(RY) such that d;u(d) = M(wd), 1<j<d}
(5.13)

This space admits the semi-norm
[ulp = M([uf) + M(IVul).

It can be made into a Banach space by identifying those elements whose difference
has zero semi-norm. We shall continue to denote the associated Banach space
as B"P(R%). Further, every representative u is an element of WIL’E(]Rd) with the

property that any two representatives u; and u, satisfy |u; — uy|p = 0.

Theorem 5.4. Let the matriz A satisfy|(D1),|(D2),|(D3). Then equation (/5.8))

has a unique solution w € B"?(RY), and

TIM(WS) + M(IVws?) < 1. (5.14)
Proof. The space B"*(R?) is a Hilbert space. Define the bilinear form

a(w,v) == M(AVWVv + T 'wy),
which is elliptic due to coercivity of A. Also, define the linear form

L(v) = —M(AE - Vv)
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for v e B"?(RRY). The equation is said to have a solution in B"?(RR%) if there
exists wi € B"?(IR?) such that a(w$,v) = 1(v) for all v e D*®. The existence and
uniqueness of such a solution is guaranteed by an application of Lax-Milgram
lemma. Each representative of w: € B"*(RY) is an element of H] (R?). The
estimate is obtained from the weak formulation by choosing v = wff. followed

by an application of Young’s inequality. O

The convergence rate for the first term in (5.11)) is available in Shen [Shel5]

in terms of the function p(A,-).

Theorem 5.5 (Shen [Sheld|, Remark 6.7). Let A € AP(RY) be such that, for
each L > 0, p(A,L) satisfies p(A,L) < 1/L" for some Tt > 0. Then, for any w
such that 0 < w < 1,

A* — A < CT e e, (5.15)

where the constant is independent of T but depends on w and A" and A} are

defined in (4.61) and (5.9) respectively.

5.2.7 RATE OF CONVERGENCE OF TRUNCATED HOMOGENIZED TEN-
SOR

In proving the convergence of truncated averages KT,R to A}, we need to show that

&
T

periodicity of A. This is the content of the following theorem from Shen [Shel$].

the almost periodicity of the correctors w; can be quantified in terms of the almost

Theorem 5.6. (Shen [Sheld|], Lemma 5.8) For y,z € RY, the regularized

corrector w? satisfies

1/2
(][ VWt 4+ ) — Vvt + 2) dt) < CIA(+y) — Al + Dlhwmay  (5.16)
Yr
where C 1s independent of R,y, and z.

Further, Shen and Zhuge [SZ18| have quantified the convergence of truncated

averages in terms of almost periodicity of the integrands in the following theorem.

Theorem 5.7. (Shen & Zhuge [SZ18]) For 1 <p < co let u € BP(R?) and for
p=o0 let ue AP(RY). Then for any 0 <L <R < oo,

][YR wdy — M(u)

< sup inf][ lu(t+y) —u(t+z)| dt
yGRd |z|<L Yr

LN [ llullee  #fp < oo
(R) w AP (5.17)

[l 4f p =00
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As a consequence of the two theorems stated above, we can prove the rate of

convergence estimate |[Atg — A7l

Theorem 5.8. Let p(A, L) satisfy p(A,L) < 1/L" for some Tt > 0. Then for any
0<L<R< o0,

_ o [\/2
|Atr — ATl S I + (E) . (5.18)

Proof. We shall apply Theoremto the functions u; = ex-Ae and u; = ek-AVw.erl.

For uy, we may choose p = oo to obtain the following estimate.

L 1 L
IMIA) = My (Al s p(A L) + 2 < 5+ 1 (5.19)

For u,, we may choose p = 2. By Theorem we have

IM(AVWT) — My, (AVW])| < sup 1{1fL}[ (AVWI) (t +y) — (AVWT)(t + z)| dt
yeRd z|< Yr

[\/2
#(5) (5.20)

Through an application of Theorem [5.6, we note that

][Y (AVWE) (t +y) — (AVWE) (t+2)| dt < CIA(- +y) — A(- + 2)lliworey (5.21)

Combining ((5.20)) and (j5.21)), we get

IM(AVWT) — My, (AVWT)| < sup f”flfL IA(C+y) — Al + 2|l mray
yeR zl<

[\/2
+(5)

1 L 1/2
S —+ (E) : (5.22)

Combining (5.19)) and (/5.22)), we get (5.18]). m

5.2.8 RATE OF CONVERGENCE OF BOUNDARY TERM

Now, we shall prove estimate on the boundary term, viz., IKT,R — A$’D’*|. The proof
is essentially the same as in [BP04], although the Green’s function estimates are
borrowed from [GO17]. We begin by recalling the existence of Green’s function

associated with the operator T-' — V- (AV) and its pointwise bounds.
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Theorem 5.9. (Gloria & Otto [GO17]) Let A be a coercive matriz with
measurable and bounded entries, and let T> 0. Then for ally € R4, there is a

function Gt(-,y) which is the unique solution in WH(R?) of the equation
T'Gr(x,y) — Vi - (AVGr(x,y)) = 8(x —y), (5.23)

in the sense of distributions. The function Gr(-,y) s continuous on R%\ {y}.

Furthermore, the Green’s function satisfies the following pointwise bounds:

_ In(2+-L) ifd=2
0 < Gr(x,y) S exp (—CM) ( 'X’“‘) ! . (5.24)

VT =y, ifd>2
_ (R as2

Theorem 5.10. Let 0 < § < 1, [Atr—ARD*[ g RE-V/2 4 exp (—C\R—ﬁ)
R? d=2.

Proof. Let R > Ry > 0 and & > §y > 0. The proof will be done in three steps:
first to obtain an interior estimate in Yy_gs, second to obtain an estimate for the
boundary layer Yg \ Ygr_gs and the final step to obtain the required convergence
rate.

Step 1. w% satisfies the following equation in R¢:

—V - (A(E+ Vws) + T 'wh = 0.

w.]?’D"E satisfies the following equation in Ykg:

—V - (A& 4+ VWEPE)) + T D5 =0,
Hence, their difference satisfies

T! (w% — w?’D"{“) - V. (AV(W? — w?‘D’a)) =0in Yy

in the sense of distributions. Set ¢; = Xw%, where x € C®(Yg;R"), so that
Xlave =1, Xlv, 4s,, =0 and [Vx| < 1/R.
Therefore, by the bounds (5.14), ||¢]||€2(YR) < RYT and ||V(|)1||%Z(YR) < RY for
R<T<RE
Now, define ¢, = w? — w.'?’D’a — &1, then ¢, satisfies the following equation:
T g, —V-AVd, = —T 'y + V- AV in Y
$, =0 on 0Yg.

Hence, we may write

$2(x) :—L T 41(y)Gix(x, y) + AWV (y) - VGrelx,y) dy,  (5.25)
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where Gy is the Green’s function for the operator T'—V-AV on Yy with zero

Dirichlet boundary conditions, i.e.,
T_]GT,R(X>U)_VX' (AVXGT,R(X)U)) :6(X_U) in YR

Grr(x,y) =0 on 0Yg (5.26)

in the sense of distributions. Therefore,

12
[p2(x)| < Ml bprllizvg (T] L G'ZF,R(X)U) dy]

R\YRfké/Z

12
F A (VD 1ll2v) [J IVGrr(x,y)I* dy] .
Y

R\YR_gs /2
In the above inequality, the second term will be handled by using Caccioppoli’s
inequality. In particular, let us multiply the equation for Green’s function
Grr by n°Grr (where 7 is to be chosen later) and integrate by parts to obtain:

o=T" L 1°(y)Gir(x,y) dy +JY A(Y)V(* (y)Gir(x,Y)) - VGrr(x,y) dy
=T L n*(y)Gir(x,y) dy +JY AYIV(Y)Grr(x,Y)) - V(n(y)Grr(x,y)) dy

- [ v uam ity i)
Yr
given that 1 is zero in some neighborhood of 0. From the last equality, we obtain

| 1w Gl ay s | G3va ay.
YR YR

Choose the function n € C*(Yg, R, ), such that

n=0 in Yg_3ps/4
n= ] iIl YR \ YRfRS/Z) (527)
Vnl < 1/R

then the preceding inequality becomes

1
J IVGrl* dy < —ZJ G7g dy.
Ye\Y R vy ’

R—R®/2 R—3R8 /4

Therefore, for all x € Yk, we have

12
[p2(x)| < lldb1lli2pvg [T] L G%R(X»U) dy)
R

\Yp_gs /2

12
+ IVPllizvg) U R_ZG%R(XaU) dy) .
Y,

R\YR73R5/4



114 Approxzimation of effective coefficients of almost periodic media

For x € Ygp spise, and Yy € Yg \ Yr_gssn, we have |[x — Yllw = [Ylloo — [[Xlloo >
R —R®/2 — R+ 5R%/6 = R®/3. Therefore, |x —y| = R® Further, note that due to
maximum principle, 0 < Gyr < Gy. Hence, on using the pointwise estimate for Gt
(Theorem , the above inequality becomes for d > 2 and for x € Yg_sgs j¢:

12
|p2(x)| < lldb1lli2(vg) [T1 JY . G3(x,y) d‘J]
R

R—R%/2

12
+IVPallizivg) U R_zG%(XﬂJ) dy)
Y,

R\YR73R5/4
< Rd/2R257d5 exp (_CR_B) Rd/z + Rd/zRi] R257d5 exp (—CR_{)) Rd/z
VT Vi

< RU20+d0 gy (_CR_E’) .
VT

in the regime R < T < R?. Similar calculations provide the estimate for d = 2.
1/2 R
U o)1 dx) < RA2-0RA2 gy (—c—).
v Vi

Finally, by an application of Caccioppoli’s inequality, we have

J

12
Ré
U V(Wi (x) — whPE(x)) dx) < RY2RAH38-d8 oypy (—c—).
Y

Hence,

R—5R% /6

1/2

Ré
IV, (x)[? dx) < RY2RAH38-d8 oyry (—c—).
VT

R—R®

Therefore,

! VT

R—R®

Thus,
1 1/2 R5
(ﬁ JY b V(Wi (x) — whPE(x)? dx) < R4 exp (—cﬁ), (5.28)
Step 2 Let & = e; and denote the solutions of equations (5.8) and (5.6) as

wh and wRPlL For x € Y;, define the functions

1

R—R®

Wh(x) = EWIT(RX)
1
WD) = Ew-‘?’l(Rx).

Then these functions satisfy respectively the following equations in Y;:

—V - (AVAL) + RAT Wil = VAe,,
—V - AV 4 RITTIRRDL = VA,
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Also,

Iy, VWL (x)[ dx < -7 fY [Vwh(x)|* dx < C,

(5.29)
fv1 [VARDLX)[F dx < Rd fY [VWRPL(x)]2 dx < C,

where C is a generic constant. Now, we can obtain the required estimates.

Step 3. On using (5.28) and (5.29)), we have

lex - (AT,R - A$’D’*)€1|

J[ er - AV(wi —wBPh) dx
Yr

1 1
N ] J CAV(WE —wiPY) dx |+ o1 J e - AVwh dx|+ =3 J e - AVWRDL dx
Yr_go R YR\Yg_gs YR\Y gs
< —Jek AV (wh — WP dx| + J ex - AV dx| + J e - AVIWRD dx
R YR_r® Yi\Y; _gs—1 YiI\Y; _po—i

1/2
w2 dx) +U V| de+U [V dx)
Y]\Y],Réfl Y‘]\Y]7R57]

: 12 12
—dJ wikPh2 dx +(J VL2 de 1 dx)
Yoo Yi\Y,_gs—1 Yi\Y,_gs—1
1—R&—1

172
+ U 1 dx)
Yo\Y
5

R
< RU30+dD gy (—c—) 4 R6-11/2
T

A
Q‘_A
h

N

v a |

YY) _gs—1

5.2.9 RATE OF CONVERGENCE OF REGULARIZED DIRICHLET COR-
RECTORS

In this subsection, the convergence rate for the last term in (5.11)) is established.

Theorem 5.11. Let p(A,L) satisfy p(A,L) < 1/L" for some T > 0. Then for

any 0 <y < 5,

ARD — ARD»| < C RHT, (5.30)

Proof. Observe that

1

E . ARYD’*E, -
Vx|

J (& + VWhDE) L A(E + VRDPE) dy,
Yr
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and

1
£ ARDeE = J (& + VWBDE) A (E + VnbDh) dy,
YRl Jvq

where wRDE solves (5.5) and wi™* solves (5.6). Hence,

Ev.(A_Rl_)D»* _ ARaDa*)E

=1 (E+ VWP A+ TWPDE) — (£ 4+ YwPDE) L A(E 4+ VPE) dy
J YR
=+ (§+VWdDH) L AV(WRPE_ WRDE) L y(WBDE_ W RDE) LA (g + vwhDE)dy
Jyr

— 1 (a + VW?’D’E) . AV(W$’D’£— WR,D,E) _ V(WE’D’a— WRyD,é) . A(E, + VWR’D‘E)dy
JYR

=1 VWdPE_WRDE) LAY (DS —RDE) gy,
Jyr

Define Pp* = —T(wHP* — wRD:E) then the above identity becomes

£+ (ARDr — ARDM g — Tz][Y VR - AVDE dy. (5.31)
R
We know that ¥ € Hj(Yg) solves the equation
TR — V. (AVYR) = whPE in Y.

Therefore, integrating this equation against 1|)$ gives
_ 2
T ‘J WX dy + J VR - AVYR dy :J wROPEPR qy.
Yr Yr Yr
Dropping the first term on LHS yields

J VR - AVYR dy sj whDERR qy.
YR

Yr

Hence,
L VX - AVYE dy < WOz v DRIy ) -
R
By coercivity of A,
o | IV dy < A e
R
On applying Poincaré inequality:

0<HV1P$H€2(YR) < RIWPEPE 2y VR 2 (v,
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or
IVURIl2 vy S RIWRPE 2y, ).
Substituting the above in (5.31)) gives

£ (ARP — ARDAE < RZTZ][ WRDEZ dy. (5.32)

Yr

For x € Yy, define w4 (x) = 2wRP4(Rx), then WhPE satisfies the equation:

—V - (ARX)(&+ VARPE(x)) =0, x €Y,

WRDE(x) =0 on 9Y;.
This equation is a particular case of the following homogenization problem:

~V-A(%)(z+ W) =h inQ,

. (5.33)
vé =20 on 0Q),

where z € [2(Q), h e H'(Q). By [JKO94, Theorem 5.2], the solutions v¢ converge

weakly to v° in H}(Q) which satisfies the equation
—V-A"(z+ W) =h, xe Q.
Therefore, WhP& — WP in H](Y;), which satisfies the equation
—V- A (E+VWP>®) =0, x €Y.

The zero Dirichlet boundary condition on W forces P> = 0 a.e. Now, the

analysis of proof of [Shelb| inequality (1.8)] shows that it remains valid for solutions
of (5.33) in the following form:

Ve — V0||L2(Q) < Cye'llz+ VVOHH](Q),

for any 0 <y < 5. Therefore,

IR 2y, = [WRDE — WPl 5, < C,RTY,

for any 0 <y < f5. Finally, it follows that

£ (ARD — ARDA)E < R“sz[ WP () dx

Yr

< R'T 2 J WRDE(x))? dx
Yq

S RVHT (5.34)
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5.2.10 PROOF OF THEOREM 5.3

Proof. Using theorems [5.5] [5.8} [5.10] and the inequality ((5.11]), we obtain
R6

\/T

1 1 L 1/2

1
R©“HT,
T @ LT R )+ R(1-8)/2 +

(5.35)

Let v/, € (0,1). By choosing v’ = v/2, T =R*Y, L =R, B, =2y’ and

5 =1—3,/8, we can obtain the estimate |A* — ARD*| < ]g—ﬁ, for some 3 > 0. O

Remark 5.12.

1. The main difficulty for obtaining rate of convergence estimate for the ap-
proximate homogenized tensor A®* corresponding to the periodization AR
is the absence of rate of convergence for almost periodic homogenization of
periodic boundary value problems. Recall that Shen [Shel5] has obtained
rate of convergence estimates for almost periodic homogenization of Dirichlet

boundary value problems. These are used in the proof of Theorem |5.11

2. Another way to obtain the convergence estimate for the approximate ho-
mogenized tensor A®* corresponding to the periodization AR would be to
show that p(Ag,L) ~ p(A,L). Indeed, in approximations of homogenized
tensors for stochastic media, it is typically assumed that the probability
distribution of the coefficients on every cube of side length 2ntL coincides
with the probability distribution of the original coefficient field [Fis19].

3. Rate of convergence for periodic homogenization of periodic boundary value
problems can be obtained as suggested in [JKO94, p. 30]. However, the
mismatch of periodic boundary conditions and almost periodic media appears

to be a difficult problem.

4. The above considerations also suggest another question, whether the Dirichlet
and Periodic correctors grow close to each other in the limit of R — co. Math-

12
ematically, we may ask an estimate for (JCYR IVWRDE(Yy) — VwRE(y) 2 dy) .

5.3 NUMERICAL STUDY

In this section, we report on the numerical experiments that we carried out for
certain benchmark periodic and quasiperiodic functions introduced in [Glol11),

GH16]. It is known that approximations of homogenized tensor for periodic media
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using Dirichlet and Periodic correctors have a rate of convergence of R~' [AAP19),
Cor. 1]. Our aim is to verify such results. We also numerically study the difference
of Dirichlet and Periodic correctors as we feel that this difference should also show
decay. These computations are done using the finite element method on FEniCS
software [ABH™15]|.

5.3.1 NUMERICAL STUDY FOR DIRICHLET APPROXIMATIONS

In this subsection, we investigate the behavior of the error in the Dirichlet approx-
imations |[ARP* — A*| with respect to side length R.
The first two examples are that of periodic matrices

2+ 1.8sin(27mx) N 2 + sin(2my)
2 +1.8cos(2my) 2+ 1.8 cos(2mx)

Ai(x) :( Id, and

Az(x) = (14 30(2 + sin(27mx) sin(2my))) Id .

The homogenized tensor A* is computed numerically by solving the periodic cell
problem on the unit cube [0,1)¢ and is found to be approximately 2.757 Id and
59.11d for A; and A, respectively. The approximate homogenized tensor A®P* is
computed by solving the Dirichlet cell problem for different values of R going
up to 40. The computations are carried out with P2-Finite Elements discretization
and 20 points per dimension in every unit cell. See Figure for the log-log plot
of the error |[A®MP* — A*| with respect to R.

The third example is that of the following matrix with quasiperiodic entries:
As3(x) = (4 + cos(27t(x +y)) + cos(2m V2(x + y))) 1d

The homogenized coefficient for quasiperiodic media A* is defined as a mean
value in the full space R and therefore it is impossible to compute. Hence, for the
computation of the error, A* is taken to be the value of AR for R=T =60,
since A%P* is known to converge faster to A* as R, T — oo [Glol1} [GHI6]. See
Figure for the log-log plot of the error |A®P* — A*| with respect to R.

5.3.2 NUMERICAL STUDY FOR APPROXIMATIONS OF A* USING PE-
RIODIC CORRECTORS

In this subsection, we investigate the behavior of the error in approximations

to homogenized tensor |A®* — A*| using periodic correctors with respect to R.
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Figure 5.1: The error |A®P* — A*| for Dirichlet approximations in log-log scale for

the functions A; and A, with respect to R.
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Figure 5.2: The error |[ARP* — A*| for Dirichlet approximations in log-log scale for

the function A; with respect to R.
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The approximate homogenized tensor A®* corresponding to periodization AR has
already been defined in (4.19).

Although we have been unable to establish a rate of convergence in this case,
the log-log plots of errors in periodic and quasiperiodic cases seem to suggest an
asymptotically polynomial rate of convergence. Computations are performed with

P1 finite elements with a varying choice of number of meshpoints n per dimension,
as denoted in Figures 5.3/ and 5.4

5.3.3 COMPARISON OF DIRICHLET AND PERIODIC CORRECTORS

An interesting question that arises in Section |5.2| is whether the Dirichlet and
periodic correctors, respectively w®P¢ and w®%, grow close to each other as
the side length R of sample cube increases. It is evident that the two approx-
imations satisfy the same differential equation in the interior of the cube and
only differ in the boundary conditions. An attempt to prove an estimate for
E(R) = (j:.YR [VwRDer (y) — vwhRer (y)]? dy)v2 using Green’s function estimate seems
to fail. However, the regularized versions of the problems can be shown to have an
asymptotic rate of convergence of any order due to exponential decay of Green’s
function of the operator —V - AV + T~ with Dirichlet boundary conditions.

In Figure , we plot the error E(R) with respect to R on a log-log scale for
functions A; and A;. In Figure , we plot the error E(R) with respect to R on a
log-log scale for A3. The numerical study is carried out with P1 finite elements.
The number of meshpoints per dimension is taken to be n = 100 + R?.

In Figure 5.7, we plot the error |[ARP* — AR*| with respect to R on a log-log
scale for functions A; and A;. In Figure 5.8, we plot the error |ARD* — AR*| with

respect to R on a log-log scale for As.

5.4 COMMENTS

The methods that are used in this chapter are physical space methods that are
mostly due to Shen [Shel5]. We would like to explore some spectral theory methods
for this problem.

We also wonder whether the estimate which is obtained is sharp. A theorem
of [BBMMO5]| asserts that the rate of convergence in almost periodic homogenization
can be as slow as desired. Since our proof relies on rate of convergence in almost
periodic homogenization, it is doubtful that it can be improved. On the other hand,

it is already well known that for media satisfying Kozlov’s small divisors condition,
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Figure 5.3: The error |[A®* — A*| for approximations to homogenized tensor using

periodic correctors in log-log scale for the functions A; and A, with respect to R

—1.6 1

—1.8 1

log |JAR-* —A7|

—— n=100+R?
n =100+ 2R?
—— n=100+ 3R?

—2.8 1

0.4 0.6 0.8 1.0

log R

1.2 1.4 1.6

Figure 5.4: The error |[A®* — A*| for approximations to homogenized tensor using

periodic correctors in log-log scale for the function Aj; with respect to R



5.4 Comments 123

—-1.24

—1.44

log E(R)
log E(R)

-1.2 -1.81

-1.4 -2.04

0.0 0.2 0.4 0.6 0.8 1.0 12 14 1.6 0.00 0.25 0.50 0.75 1.00 125 1.50
log R log R

(a) Periodic function A; (b) Periodic function A;

Figure 5.5: The averaged [? norm of the difference of the gradients E(R) =
1/2
(:{:YR [VwhDer (y) — vwhRer (y)[? dy) ”in log-log scale for the correctors correspond-

ing to the periodic matrices A; and A, plotted as a function of R.

—1.8 4

—-2.0 1

-2.2 1

—2.4 -

—-2.6 1

log E(R)

—-2.8 1

—-3.0 1

—-3.2 1

—3.4 -

000 025 050 075 100 125 150
log R

Figure 5.6: The averaged [’ norm of the difference of the gradients E(R) =
1)2
(JEYR [VwRDer (y) — vwhRer (y)[? dy) ?in log-log scale for the correctors correspond-

ing to the quasiperiodic matrix A3 plotted as a function of R.



124 Approxzimation of effective coefficients of almost periodic media

—0.50 ~0.50

-0.75 4
-0.75

—1.00 4
—-1.00

-1.254

Y AR
Y AR

-1.25
—1.50 4

-1.50
-1.754

log |AR-D.
log |AR-P:

-1.75
—2.00 4

—2.00
-2.254

T T T T T T T T T -2.25 T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 12 14 1.6 0.00 0.25 0.50 0.75 1.00 1.25 150

log R log R
(a) Periodic function A; (b) Periodic function A,

Figure 5.7: The absolute error |[ARD* — AR
A; and A, plotted as a function of R.

in log-log scale for the periodic matrices

—1.8 A

—2.0 A

—2.2 1

2.4 -

—2.6

—2.8 A

log |AR-D-* — AR.*|

—3.0 A

—3.2 1

—3.4 -

000 025 050 075 100 125 150
log R

Figure 5.8: The absolute error |[ARP* — AR*| in log-log scale for the quasiperiodic

matrix Aj plotted as a function of R.



5.4 Comments 125

the rate of convergence is as good as the one for periodic homogenization [GH16].
Hence, the rate of convergence obtained in this thesis is not optimal for quasiperiodic

media satisfying the Kozlov condition.






CHAPTER 6

BLOCH WAVE HOMOGENIZATION OF
QUASIPERIODIC MEDIA

Quasiperiodic media is a class of almost periodic media which is gener-
ated from periodic media through a “cut and project" procedure. Bloch
waves are typically defined through a direct integral decomposition of
periodic operators. A suitable direct integral decomposition is not avail-
able for almost periodic operators. To remedy this, we lift an almost
periodic operator to a degenerate periodic operator in higher dimen-
sions. Approximate Bloch waves are obtained for a regularized version
of the degenerate operator. Homogenized coefficients for quasiperiodic
media are obtained from the first Bloch eigenvalue of the regularized
operator in the limit of regularization parameter going to zero. A
notion of quasiperiodic Bloch transform is defined and employed to
obtain homogenization limit for an equation with highly oscillating

quasiperiodic coefficients.

6.1 INTRODUCTION

In this chapter, we will perform Bloch wave homogenization of the following

equation with highly oscillatory quasiperiodic coefficients:
_v. A(%)Vug(x) —finQ
u® =0 on 0Q, (6.1)

where Q C R¢ is a bounded domain. Bloch wave homogenization is a framework
developed by Conca and Vanninathan [CV97] for obtaining qualitative as well as

quantitative results in periodic homogenization. Further, Bloch decomposition has

127
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been employed by Birman and Suslina [BS04] to obtain order-sharp estimates for
systems in the theory of homogenization with minimal regularity requirements. Let
M be an integer such that M > d and let Q = [0,27)™ denote a parametrization of
the M-dimensional torus T™. We make the following assumptions on the coefficient

matrix A = (ai)d,_;:

(H1) The entries (akl)ﬁ1:1 are smooth, bounded real-valued functions defined on

R4,

(H2) The coefficient matrix A is quasiperiodic, i.e., there exists a d x d matrix B
with smooth Q-periodic entries and a constant M x d matrix A such that
A =BoA,l.e,

Yxe Rd and Vk,l s.t. 1< k,l <d akl(x) = bkL(AX),
where the matrix A satisfies

A'p # 0 for non-zero p € ZM. (6.2)

(H3) The matrix A is symmetric.

(H4) The matrix A is coercive, i.e., there is a positive real number « such that for

all ve RY and a.e. x € RY, we have

(A(x)v, V) > afv[*.

Remark 6.1.

1. The assumption of smoothness on the entries of A is not essential. The ap-
proach of this chapter demands taking trace of solutions on lower dimensional
manifolds. We only require as much smoothness as would guarantee twice

continuous differentiability of the solutions.

2. The assumption (/6.2) implies that the continuous and periodic matrix B is
uniquely determined from its values on ARY. Hence, coercivity of B on RM
follows from that of A. See [BCPD92, Section 3| for proof.

The class of quasiperiodic functions is a subclass of almost periodic functions.
For K = R or C, let Trig(R%;K) denote the set of all K-valued trigonometric poly-

nomials. Recall that the completion of Trig(IR%;K) in norm of uniform convergence
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results in a Banach space called the space of all Bohr almost periodic functions

denoted as AP(R?). Further, in [} (R?), one can define a seminorm

1/p
. 1
Il = [hglsolip Rd J[E LfP dy] .

For 1 < p < oo, the completion of Trig(R%;K) in this seminorm results in the

5)

Besicovitch space of almost periodic functions BP(R4). Given a Besicovitch almost

periodic function g, one can define the notion of mean value

1
M(g) = lim — (y) dy.
= J[—m)d” ’

R— oo Rd

For each g € BP(RY), we can associate a formal Fourier series g ~ Z g(&)e™*,
EeRd
whose exponents are those vectors & € RY such that M(g - exp(ix - &)) # 0. These

exponents or frequencies are denoted by exp(g) and the Z-module generated
by exp(g) is called as the frequency module of g and denoted by Mod(g). A
quastperiodic function may also be defined as an almost periodic function whose
frequency module is finitely generated (See |2 in Remark . Trigonometric
polynomials are the most common example of quasiperiodic functions. One
may conclude from this definition that any quasiperiodic function may be lifted
through a winding matriz A to a periodic function on a higher dimensional torus.
The space of all periodic [? functions in the higher dimension will be denoted
interchangeably by L?(Q) or L?(TM). The space Lé(Q) is also defined as the
closure of Cﬁ‘x’(Q) functions in 1*(Q) norm. Similarly, for s € R, we may define
H;(Q) or H*(TM) as the space of all periodic distributions for which the norm

— 1/2 .
s = (ZnezM(] + |T1|2)S!u(n)|2) is finite.

Remark 6.2.

1. The assumption makes sure that the mean value of the quasiperiodic
matrix A can be written as the mean value of the periodic matrix B on Q.
A proof of this fact may be found in [Shu78|. The equality of the two mean
values is used in Section for the characterization of homogenized tensor

of quasiperiodic media.

2. We have given two seemingly disparate definitions of quasiperiodic functions,
one as restriction of periodic functions to lower dimensional planes and second
through the frequency module. Indeed, the two definitions are equivalent

and the proof may be found in [BPO0I1] for different classes of almost periodic
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functions. Let I' C R be a finitely generated Z-module. Denote by B(R)
(respectively APr(R%)) the subspace of B*(R¢) (respectively AP(R%)) con-
taining functions whose frequencies belong to I'. Then, B%(Rd) (respectively
APr(RR%)) is isometrically isomorphic to L*(TN) (respectively C(TN)) for some
N > d.

3. A simple example of a quasiperiodic function is g(x) = sin(x) + sin( V2x)
which admits a periodic embedding of the form §(x,y) = sin(x) +sin(y) with
A = (1 +2)". One may wonder how to obtain a common matrix A for a
collection of functions such as in the case of the entries of a quasiperiodic
matrix. This is not too difficult either, as illustrated in the following example.

Consider the quasiperiodic matrix

A sin(x) + sin( V2x) cos( V2x)
B cos( V2x) cos( V3x)

],XE]R.

The matrix A admits the following periodic embedding.

B_ [sin(x) +sin(y) cos(y)

3
cos(y) cos(z))’ (oy,2) € I

with A= (1 V2 +3)T.

4. The assumption (6.2)) is a qualitative version of Kozlov’s small divisors

condition which we recall below.

Definition 6.3. A quasiperiodic function f : R — R is said to satisfy the

Kozlov condition if

(1) there exist a function F: RM — R and M (= m; +m; +...+mgy) numbers

Bl BTy s BT By B2, ooy By, BY® € R such that
f(x):F(B}th%x],..., T‘xhﬁéxz,...,B'znzxz,...,thd,...,ﬁg‘dxd).
(2) For each 1 <i<d, B; = (B!, B:,...,R") is linearly independent over Z.

(3) There exist C > 0 and T > 0 such that for each i =1,2,...,d such that

miZZ,

n - Byl > for all n € Z™ \ {0}. (6.3)

C
|’

A standard method to solve equations with quasiperiodic coefficients is to

propose and solve an equation in higher dimensions whose solutions when suitably
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restricted to R¢ solve the original equation [Koz78, [GH16, BLBL15, WGC18|. Such
a procedure necessitates an assumption on coefficients to be at least continuous since
restriction of functions to lower dimensional surfaces requires some smoothness.
A second difficulty results from the fact that the equation posed in the higher
dimension is typically degenerate or non-elliptic. In order to define a suitable
notion of Bloch waves, we regularize the degenerate equation in higher dimension.
The homogenized tensor for quasiperiodic media is found to be equal to the limit of
the Hessian of first Bloch eigenvalue of the regularized degenerate operator as the
regularization parameter tends to zero. Further, we define a notion of quasiperiodic
Bloch transform to aid us in the passage to the homogenization limit.

We note here that the study of almost periodic homogenization was initiated
by Kozlov [Koz78] who also obtained a rate of convergence for quasiperiodic
media satisfying a small divisors condition called the Kozlov condition. A widely
known example of quasiperiodic media is quasicrystals [SBGC84]. Quasicrystals
are ordered structures without periodicity. They may be thought of as periodic
crystals in higher dimensions that are projected to lower dimensions through a
“cut and project” procedure. Quasicrystals have unique thermal and electrical
conductivity properties with many potential industrial and household applications,
such as adhesion and friction resistant agents, composite materials [Dub12]. The
mathematical structure of quasicrystals had already been anticipated in the works
of Bohr [Boh47], Besicovitch [Bes55], and Meyer [Mey95].

The plan of the chapter is as follows: In Section [6.2, we introduce the
degenerate periodic equation in RM and its regularized version for which we obtain
approximate Bloch waves. In Section [6.3, we prove the existence of the regularized
Bloch waves. In Section [6.4, we apply Kato-Rellich theorem to obtain analytic
branch of the regularized Bloch waves and Bloch eigenvalue. In Section (6.5, we
recall the cell problem for almost periodic media and the cell problem for the
degenerate periodic operator in higher dimensions. In Section [6.6, we obtain the
homogenized tensor for the quasiperiodic media as a limit of the first regularized
Bloch eigenvalue. In Section |6.7, we introduce a notion of quasiperiodic Bloch
transform. Finally, in Section [6.8] we obtain the homogenization theorem for
quasiperiodic media by using the quasiperiodic Bloch transform.

The contents of this chapter form a section of the preprint [3].
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6.2 DEGENERATE OPERATOR IN RM

The Bloch wave method in homogenization is a spectral method. Bloch waves
are solutions to the Bloch spectral problem which is a parametrized eigenvalue
problem. While the details of Bloch wave method can be found in [CV97], the
main feature of this method is the existence of a “ground state” for the periodic
operator, which is facilitated by the direct integral decomposition of the periodic
operator. In the case of a quasiperiodic operator, one may not have a ground state
but we show the existence of an approximate ground state. To begin with, we shall

22
then we seek quasiperiodic solutions to the following Bloch spectral problem for

: 1 1\¢
pose a Bloch spectral problem for the quasiperiodic operator. Let Y = ) ,

the quasiperiodic operator A = —V - (AV)
—(V+1in)-A(V+in)d = Ad in R4 (6.4)

The problem above is typically solved for periodic A, in which case, the
solutions are called Bloch waves. However, the matrix A is quasiperiodic, and it is
not clear whether quasiperiodic solutions to exist. Therefore, we propose to
lift the operator A to a periodic operator in RM, for which a functional analytic
formalism is available. The mapping x +— Ax € RM lifts the operator A to the

periodic but degenerate operator in RM given by
C:=—-A"V,-BAV,. (6.5)

Let us denote /\TVy by D, then operator C is written as —D - BD. The operator
C may also be written as —V, - CV,, where the matrix C = ABA'. Note that C is
non-coercive.

The Bloch eigenvalue problem given by is lifted to the following problem:
Forn €Y', find ¢(n) € H;(Q) such that

CMm)¢Mm) == —(D +1in) - B(D +in)d(m) = A(M)p(n). (6.6)

We note here that due to the degeneracy of operator C(n), we cannot seek Lax-
Milgram solutions to this equation in H;(Q). To remedy this situation, inspired
by [BLBL15|], we regularize as follows. Form e Y and 0 < & < 1, find
d°(m) € H;(Q) such that

C*(MP°(n) = —(D +in) - B(D +in)p°(m) + 8AP° (M) = A’ (M)°(m).  (6.7)

The solutions ¢° to (6.7) shall be called regularized Bloch waves and A® will

be called regularized Bloch eigenvalues.
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Remark 6.4.

1. In homogenization, one often assumes the basic periodicity cell to be rectan-
gular for convenience. However, more general periodicity cells in the shape of
a parallelopiped may be considered through a change of coordinates. Under
the change of coordinates, the rectangular cell becomes a parallelopiped and
an operator of the form —V-AV becomes —V - (PAP~')V. In a similar fashion,
the transformation A converts the operator —V, - AV, into the operator
—Vy - (ABAT)V,. Unlike PAP~', the matrix ABAT is non-invertible since A

is a transformation between spaces of different dimensions.

2. It is instructive to compare quasiperiodic structures with laminates. Quasiperi-
odic media admit embeddings in higher-dimensions which are periodic and
non-homogeneous in all directions. On the other hand, laminated materials
are periodic structures which are homogeneous in some directions. Further,
the operator with quasiperiodic coefficients has a degenerate embedding in
higher dimensions, viz., it is non-elliptic in certain directions. On the other

hand, the operator modelling laminates are elliptic in all directions.

3. The regularization may be thought of as the addition of complementary
directions to the quasicrystal which is produced by “cutting” a periodic crystal

in certain “irrational” directions and then projecting to lower dimensions.

4. In contrast with , it is standard to take the quasimomentum parameter
1 in RM and to seek the regularized Bloch eigenvalues corresponding to the
periodic operator given by —V, - (ABAT+81)V, where I is the M x M identity
matrix. However, we have chosen the quasimomentum parameter 1 in R¢ and
we have not introduced a shift in the regularized term 8A. This simplifies

the presentation considerably.

5. A notion of approximate Bloch waves for aperiodic media has been in-
troduced in a dynamic context in the works of Gloria and his collabora-
tors [BG19, DGS18]. They employ a concept of Taylor-Bloch waves for
long-time homogenization of aperiodic wave equation. While our method
relies on spectral theory, they make use of regularized cell problems to define

Taylor-Bloch waves.
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6.3 REGULARIZED BLOCH WAVES

In what follows, we shall prove that

1. There exists C, such that for all n € Y, the bilinear form generated by the
operator C°(n) + C,I is elliptic on H; (Q) where I denotes the identity operator
on Lé(Q). This will allow us to prove invertibility of C*(n) + C.I.

2. By Rellich compactness theorem, we will prove compactness of the inverse
of C°(m) + C.I in Lé(Q). This will prove the existence of regularized Bloch

eigenvalues and Bloch eigenfunctions.
3. An application of the perturbation theory will provide us with smoothness of

regularized Bloch eigenvalues and Bloch waves with respect to n near n = 0.

For the bilinear form a®m](-,-) defined on H; (Q) x H;(Q) by

6[ ]( )V) =
a’ml(u JQ

we have the following Garding-type inequality whose proof is simple and is omitted.

B(D+in)u~(D+in)vdy+6J Vyu~V_yvdy, (6.8)
Q

Lemma 6.5. There exist positive real numbers C, and C* not depending on &

and mn such that for all u € H;(Q) and alln €Y', we have
2 2 *
aml(u,u) + C*||U||L§(Q) > 6||Vyu||L§(Q) +C ||Du||L§(Q)- (6.9)

The above lemma shows that for every 1 € Y’ the operator C°(1) + C.I is
elliptic on H;(Q). Hence, for f € Li(Q), this shows that C*(m)u + C,u = f is
solvable and the solution is in H; (Q). As a result, the solution operator S(n) is
continuous from Lé( Q) to H; (Q). Since the space H; (Q) is compactly embedded
in Li(Q), S(n) is a self-adjoint compact operator on Lé(Q). Therefore, by an
application of the spectral theorem for self-adjoint compact operators, for every
n € Y we obtain an increasing sequence of eigenvalues of C°(1) + C.I and the
corresponding eigenfunctions form an orthonormal basis of Li(Q). However, note
that both the operators C°(n) and C®(n) + C.I have the same eigenfunctions but
each eigenvalue of the two operators differ by C,.. We shall denote the eigenvalues
and eigenfunctions of the operator C*(n) by n — (A2 (n), $ (-,11)). Note that due
to the regularity of the coefficients, the eigenfunctions are C* functions of y € Q.

All of these developments are recorded in the theorem below.

Theorem 6.6. The regularized Bloch eigenvalue problem (6.7) admits a count-
able sequence of eigenvalues and corresponding eirgenfunctions in the space
H;(Q). Further, the etgenfunctions oy, (y,n) are C* functions of y € Q.
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Proof. We have already proved the existence of the eigenvalues and eigenfunctions
for the problem (6.7)). Regularity of the eigenfunctions follows from the standard
elliptic regularity theory [LU68]. |

Remark 6.7. In[(H1), we assume the coefficient matrix A to be smooth. However,
we do not require this much regularity. We only require as much smoothness on
the coefficient matrix that would ensure that the Bloch eigenfunctions are twice

continuously differentiable.

6.4 REGULARITY OF THE GROUND STATE

In the sequel, differentiability properties of regularized Bloch eigenvalues and
regularized Bloch eigenfunctions with respect to the dual parameter n € Y  are
required. For this purpose, we have Kato-Rellich theorem [Kat95] which guarantees
analyticity of parametrized eigenvalues and eigenfunctions corresponding to analytic
family of operators near a point at which the eigenvalue is simple. Indeed, we will

prove the following theorem.

Theorem 6.8. For every § > 0, there ezists 05 > 0 and a ball U® := By, (0) =
MmeY :ml< 05} such that

1. The first reqularized Bloch eigenvalue n — A?(n) 1s analytic for n € U°,

2. There is a choice of corresponding eigenfunctions ¢3(-,m) such that
neu’ — i(,n) € H}(Q) is analytic.

The proof will require the Kato-Rellich theorem which we will state below for
completeness. The theorem as stated in [RS78] is for a single parameter, however
the theorem is also true for multiple parameters with the assumption of simplicity
(See Supplement of [Bau85]).

Theorem 6.9. (Kato-Rellich) Let D(f]) be a self-adjoint holomorphic family
of type (B) defined for f| in an open set in CM. Further let A\ = 0 be an
isolated eigenvalue of D(0) that s algebraically stmple. Then there exists a

neighborhood Ry € CM containing 0 such that for fi € Ry, the following holds:

1. There is exactly one point A(f) of o(D(fi)) near Ay = 0. Also, A(f]) 1s
1solated and algebraically simple. Moreover, A(f]) s an analytic function

of 7.
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2. There 1s an associated eigenfunction ¢(f)) depending analytically on fj
with values in H;(Q)

In order to prove Theorem [6.8 we need to complexify the shifted operator
C®(n) before verifying the hypothesis of Kato-Rellich Theorem.

Proof. (Proof of Theorem

(1) COMPLEXIFICATION OF C°() The form an](-, ) is associated with the operator

C?(n). We define its complexification as

B(D+10+T)u~(D—i0+1)ﬁdy+6j Vyu-Vyudy

i) - | Q

Q
for ] € R where

R=feCM:f=0+it,0,tcRM, o] < 1/2,]7] < 1/2}.

(11) THE FORM t(1]) IS SECTORIAL We have

t(f) JB(D-l-icr—i-T)u'(D—iG—i-T)ﬁdy—i-é Vyu- Vyudy
Q

Q

J B(D+io)u-(D—i0)Edy+6J Vyu-Vy_udy—J B(tu) - Dudy
Q Q Q

+JBDU.- (Tu) dy —JBTu'Tﬁdy+iJBGu-Tﬁdy +iJ Btu - oudy.
Q Q Q Q

From above, it is easy to write separately the real and imaginary parts of the form
t(f).

Rt () ul =JB(D +1io)u- (D —io)udy +5J V,u- Vyudy —J Bru- T dy,
Q

Q Q
(6.10)
Jt(A) ] = J Bou-tudy + J Btu-oudy + JJ BDu - tudy. (6.11)
Q Q Q
For the real part, we can readily obtain the following estimate:
R + CslllZs o, = o (Il o, + DU, o)) + SIT,ull? (6.12)
N stz ) = 7 Mz 12(Q) vz '

Let us define the new form t(f{) by t(fi)[u,v] = t(f) [, v] + (Cs + CG)(u,v)Li(Q), for
which it holds that

T & 2 2 2 2
L)) > 5 ([l g, + DU g )+ 8951l g+ Collwl -
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Also, the imaginary part of t(f]) can be estimated as follows:

~T (= 2 2

C7=C6C9,2Cs=0Co 2 o 2
0 Cy (Callwly g + FIDWI )

~ . 06 2
< Co (REA R — Tl )

This shows that t(fj) is sectorial. However, sectoriality is invariant under transla-
tions by scalar multiple of identity operator in Lj(Q), therefore the form t(fj) is

also sectorial.

(111) THE FORM t(f}]) IS CLOSED Suppose that u, 5 1. This means that u, — u
in Lj(Q) and t(fj)[u, —un] — 0. As a consequence, Rt (i) [u, —u,] — 0. By (6.12),
||u,n—um||H;(Q) — 0, i.e., (u,) is Cauchy in HT} (Q). Therefore, there exists v € H; (Q)
such that u, — vin H; (Q). Due to uniqueness of limit in Lé(Q), v = u. Therefore,

the form is closed.

(1v) THE FORM t(fj) IS HOLOMORPHIC The holomorphy of t is an easy consequence

of the fact that t is a quadratic polynomial in 7.

(v) 0 Is AN ISOLATED EIGENVALUE Zero is an eigenvalue because constants
belong to the kernel of C*(0) = —V, - (ABA" + §1)V,,. We proved using Lemma
that C°(0) + C.I has compact resolvent. Also, C, is an eigenvalue of C*(0) + C.I.
Therefore, C.' is an eigenvalue of (C%(0) + C,I)™' and C.' is isolated. Hence, zero

is an isolated point of the spectrum of C?(0).

(vi) 0 IS A GEOMETRICALLY SIMPLE EIGENVALUE Denote by kerC®(0) the
nullspace of operator C°(0). Let v € ker C*(0), then jQ(/\B/\T—l—SI)Vyv-Vyv dy = 0.
Due to the coercivity of the matrix (ABAT + 81), we obtain ||Vyv||L§(Q] = 0. Hence,
v is a constant. This shows that the eigenspace corresponding to eigenvalue O is

spanned by constants, therefore, it is one-dimensional.

(vir) 0 IS AN ALGEBRAICALLY SIMPLE EIGENVALUE Suppose that v € H;(Q) such
that C*(0)*v =0, i.e., C3(0)v € ker C®(0). This implies that C®(0)v = C for some
generic constant C. However, by the compatibility condition for the solvability
of this equation, we obtain C = 0. Therefore, v € ker C°(0). This shows that the

eigenvalue O is algebraically simple. O
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6.5 CELL PROBLEM FOR QUASIPERIODIC MEDIA

In this section, we shall recall the cell problem [OZ82] in the theory of almost
periodic homogenization as well as the cell problem for the degenerate periodic
operator in higher dimensions [Koz78|] for quasiperiodic media.

Let e, be the unit vector in R¢ with 1 in the 1'" place and 0 elsewhere. For

almost periodic media, the cell problem
=Vi- (A(x)(e1+ Vow)) =0 (6.13)

is not solvable in the space of almost periodic functions. Hence, an abstract setup
is required which is explained below. Let S = {V,¢ : ¢ € Trig(R%;R)}. This is a
subspace of (B%(RY))¢. We shall call the closure of S in (B*(R¢))¢ as W. For the

matrix A, we define a bilinear form on W by

d
a(w',w?) = Z M(ajkw;wi),
j,k=1

1) and w? = (wi,w3,...,w3). By coercivity of the

matrix A, the bilinear form is coercive. Also, by boundedness of A, the bilinear

where w' = (W, w},...,w

form is continuous on W x W. We also define the following linear form on W:

d
L(V) =~ Z M(a)vk.
k=1

Again, by boundedness of matrix A, the linear form [, is continuous. Hence,
Lax-Milgram lemma guarantees a solution to the following problem: Find N!'e W
such that VV € W, we have

a(NLV) =Ly(V). (6.14)

This is the abstract cell problem for almost periodic homogenization [OZ82] and

the homogenized coefficients are defined as

q =M . (6.15)

d

1

Qi + Z (lij]-
j=1

However, in the case of quasiperiodic media, one can also define cell problem in
higher dimensions as in [Koz78]. The transformation x +— Ax converts the cell
problem in R¢ (6.13) to a cell problem posed in Q for the degenerate periodic

operator.

—D - B(y)D{ =D - B(y)er. (6.16)
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Due to the lack of coercivity, we implement the regularizing trick as in [BLBLI5]|.
For 0 < & < 1, we seek the solution {? € H; (Q)/R to the following equation.

—D - B(y)Dyy — 8AY; =D - B(y)e. (6.17)

The solution satisfies the a priori bound IIDLI)inZ(Q) + 6!|Vy1])f|!fz(Q) < C for some
i t
generic constant C. As a consequence, Dtl)fS converges to some function x' €

(L;(Q))d for a subsequence in the limit 6 — 0. Using the a priori bounds, we
can pass to the limit & — 0 in the equation (6.17) to show that x' solves the

equation (6.16)) in the form
—D-B(y)x' =D - B(y)er. (6.18)

By elliptic regularity, D\bf € Hg(Q) for all s > 0. As a consequence, lef € C=(Q).
Therefore, x' € H;(Q) for all s > 0. Again, x' € C*(Q) and the equation (6.18)
holds pointwise. Hence, we can restrict equation (6.18]) to R? using the matrix A.
Define N'(x) = x'(Ax), then N! solves the abstract cell problem ([6.14]). Therefore,

the homogenized coefficients can be written in terms of the solution of the lifted

cell problem (/6.16]).

Q=M = Mg

d

d
1

Ay + E i N;
j=1 j=1

Let us define the approximate homogenized tensor A>* = (qi‘l*) as
ay = ex - A% e = Mq (b + ey - BDUY), (6.20)
and the homogenized tensor A* = (q;,) of quasiperiodic media as
gy = ex - A'er = Mg (bu + ey - Bxl). (6.21)
then the following lemma holds true.

Lemma 6.10. The approximate homogenized matrix qf&* converges to the

homogenized matriz q;, of quasiperiodic media as defined in (6.21)).
Proof. The proof follows easily from the bounds that are available for Ll)f. O

Remark 6.11. Another method of solving the cell problem is proposed in [WGC19]
where instead of seeking solutions in the degenerate Sobolev space as in [GH16],
one seeks solutions in a subspace of H; (Q) where all the derivatives in directions

orthogonal to the irrational plane are set to zero.
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6.6 CHARACTERIZATION OF HOMOGENIZED TENSOR

Now, we shall compute derivatives with respect to n of the first regularized Bloch
eigenvalue and first regularized Bloch eigenfunction at the point n = 0 and identify
the homogenized tensor for quasiperiodic media. Note that the regularized Bloch
eigenvalues and eigenfunctions are defined as functions of 1 € Y. The first

regularized Bloch eigenfunction satisfies the following problem in Q:

—(D +1in) - B(y)(D + in)d3(y;n) — 5APS (y;n) = A{(M) 3 (y;n). (6.22)

We know that A}(0) = 0. Forn € Y', recall that C*(1) = —(D+in)-B(y)(D+in)—3A.
In the rest of this section, we will suppress the dependence on y for convenience.

For 1 =1,2,...,d, differentiate equation (6.22)) with respect to n; to obtain

Y IOk OA?
a—m(n)dh() +C(M)=—(n) = A?(n)a—m(n) am( n)é;m), (6.23)

0
where a—c(n) = —iD-(Be;) —1ie - (BD)+e - Bn+n-Bey, where e is the unit vector
Uy
in RY with 1 in the 1'* place and 0 elsewhere. We multiply (6.23) by ¢3(n), take
5

oA
mean value over QQ and set 1 =0 to get a—n1(0) =0forall=1,2,...,d.
1

On the other hand, if we set 1 =0 in (6.23), we obtain

5 ai? e
C(O)am(o)— am()dh()
or
(bé
(=D -B(y)D —8A) am( ) =D - B(y)eiid}(0).
1 08

Hence, wf — (0) is a constant.

9% (0) any
Now, differentiate (6.23|) with respect to ny, to obtain

208 oS SN\ O
(ac () = (n))¢?(n)+(a£m)——‘(n))i(n)+

oM oMy oMK omy oMk oMk oy
acs oA )acb? ; R

— +(C*(m) — A ‘ =0. 6.24
(5o = St 5 + () = Atn)) o o) (6.24)

Multiply with d)‘?(n), take mean value over Q and set 1 =0 to obtain

1 0°A)
2 0nyomy

|
~e. - BDY? +

2

%el : BDxpi) : (6.25)

(0) = Mg (bkl +

Thus, we have proved the following theorem:
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Theorem 6.12. The regularized first Bloch eigenvalue and etgenfunction sat-

1Sfy:
1. N(0) =0.
2. The eigenvalue A}(n) has a critical point at n =0, i.e.,

OA?

—10)y=0,¥1=1,2,...,d. 6.26
anl() (6.26)

3. Forl=1,2,...,d, the derwative of the eigenvector (3¢]/0n,)(0) satisfies:
(03 /M) (y;0) —idi(y; 0)WP (y) is a constant in y where |} solves the cell
problem (6.17)).

4. The Hesswan of the first Bloch eigenvalue at n =0 s twice the approzxi-
mate homogenized matriz 43 as defined in (6.20), i.e.,
1 02\
2 om0y

(0) = q¥ (6.27)

6.7 QUASIPERIODIC BLOCH TRANSFORM

We shall normalize ¢3(y;0) to be (271)~%/2. The Bloch problem at e-scale is given
by

—(Dy +i&) - Bly'/e)(Dy +18)47°(y'18) — 84y 97 (y18) = A (E)d°(y s €)
(6.28)

for y € €eQ and & € €Y. Due to the transformation y = y'/e and n = €&, we
have A>¢(£) = e ?A%(e&) and $3¢(y'5€) = ¢3(y'/€;€&). The above equation holds
pointwise for y' € €Q and is analytic for & € e 'U°. For the purpose of Bloch wave
homogenization, we need to restrict the regularized Bloch eigenvalues and eigenfunc-
tions to RY using the matrix A. Let us define &)?’e(x; &) = cl)?(%; e&). Also define

Yy, g) = \/gAyfd)?’e(y’; &) and its restriction B?;e (x,&) = VoA PO (Ax; &), then
the restriction of the first regularized Bloch eigenfunction satisfies the following

approximate spectral problem in R¢.

—(V,+1E) - A(E)(vx FAE)PEE(x;E) — VBB (x, &) = AP (£)PS(x;E).  (6.29)
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We can compare this to our original goal of solving equation in R4
Although we could not solve the exact quasiperiodic Bloch spectral problem, we
could solve an approximate quasiperiodic Bloch problem using the lifted periodic
problem. Interestingly, the functions (T)?’e(x; &) and ﬁ?‘e(x, &) are quasiperiodic
functions of the first variable.

Now we can define a dominant Bloch coefficient for compactly supported
functions in R¢ by employing the first regularized Bloch eigenfunction as follows:
Let g € H'(RY) with compact support, then define

Big(e) = (glx) e B (xa) - (6.:30)

For the next section, we need to know the limit of Bloch transform of a

sequence of functions as below.

Theorem 6.13. Let K C RY be a compact set and (g¢) be a sequence of functions
in L?(RY) such that g¢ = 0 outside K. Suppose that g¢ — g in L*(RY)-weak for
some function g € L*(R%). Then it holds that

Xe 1 U.""8?’€ge - a

n 12

ZOC(RS)-weak, where g denotes the Fourier transform of g.

Proof. The function 89¢¢g° is defined for & € e'Y". However, we shall treat it as a

function on R? by extending it outside e 'U® by zero. We can write

BYg(E) = J}Rd g(x)e_ix'aﬁ(x; 0)dx + J g(x)e ¢ (J)? (E, eE) — (TD? (E, 0)) dx.

RA
The first term above converges to the Fourier transform of g on account of the
normalization of ¢4(y;0) whereas the second term goes to zero since it is O(e§) due
to the Lipschitz continuity of the first regularized Bloch eigenfunction. More details
including the proof of Lipschitz continuity of Bloch eigenvalues and eigenfunctions
may be found in [CV97]. o

6.8 HOMOGENIZATION THEOREM

In this section, we shall prove the following homogenization theorem for quasiperi-
odic media and prove it using the Bloch wave method. We shall assume summation

over repeated indices for ease of notation.
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Theorem 6.14. Let Q) be an open set in R and f € 12(Q). Let u¢ e H'(Q) be

such that u® converges weakly to u* in HJ)(Q), and

Au =fin Q. (6.31)
Then
1. For allk=1,2,...,d, we have the following convergence of fluzes:
¢ ouc * .2
kl(x)a—)q(x) qkla_xl(x) n L°(Q)-weak. (6.32)

2. The limit u* satisfies the homogenized equation:

a(*au*

ﬂhom - el
v an qkl aXl

): f in Q. (6.33)

The proof of Theorem [6.14] is divided into the following steps. We begin by
localizing the equation (6 which is posed on Q, so that it is posed on R¢. We
take the quasiperiodic Bloch transform B?ve of this equation and pass to the limit

e — 0, followed by the limit 6 — 0.

STEP 1: Let 1, be a fixed smooth function supported in a compact set K c R¢.

Since u€ satisfies AU = f, Pou® satisfies

A (Pou®) (x) = Pof(x) + g¢(x) + he(x) in RY, (6.34)
where
g°(x) = —aa—if(x)ail(x)%—;‘f(x), (6.35)
d
he(x) = _6_xk ai)f (x)as,(x)us(x)], (6.36)

STEP 2: Taking the first Bloch transform of both sides of the equation (6.34]), we

obtain for & € e U a.e.
By (A (bou)) (&) = By (Wof) (&) + B“g°(&) + BYhe(E).  (6.37)
STEP 3: Observe that pou € H'(R?). We have
B (A tpou)) = | Ale/eT ot () - Fle G i ) dx
() | (o) xle MG i) dx+ VB | (hou )l B () dn
= A>¢(8)BS (You) + Vo J (Pou®)(x)e *i"'ﬁfsg"’e(x; &) dx (6.38)



144 Bloch wave homogenization of quasiperiodic media

STEP 4: In this step, we shall obtain bounds for B?E This is done by employing
the analyticity of the first regularized Bloch eigenfunction in a neighborhood of
n = 0. Let us write

5

Sy 0¢;
3 (y;m) = &5 (y;0) +m—(y;0) + v (y;m),

om
where v°(y;0) = 0, (y 0) =0 and V&y®(-;1) = O(In?) in L°°(U5;H;(Q)) where

2
OF (m) = O(InP) in L2(US H,(Q))

2
k

the order is uniform in §. Therefore, B
where the order is uniform in §. Now,

’ ' 66
(e = of(Liee) = 08 (Li0) + et S (Lio) 4yt (Liee).  (639)

i

€ GIoH

i} (y'/e;0) om
cell problem at e-scale posed in €Q, i.e.,

Let us define ocf’e(y,) = (%;O), then ocf’e(y') € H;(eQ) solves the

—D, - BS(y )Dy o — 8A, o = D, - BS(y ey, (6.40)
which provides the estimate
Dy 0z ) + BlIVy 0z < € (6.41)
for some generic constant C not depending on € and 6. Therefore, we get

(\/gAUfocf’e)is bounded uniformly in Hﬁ_] (eQ). (6.42)

Differentiating the equation (6.39) with respect to y’ twice, we obtain

azd)?,e , az ad)?,e , azyé y/
-5 = ——(y;0)+ -2 - .
aykz (U ) E,) Evle aykz anl (U ) € ayi ( e €Ev)

For & belonging to the set {&: €& € U% and |&] < M}, we have

azyé
> (5m)

Vs
ayk

< Ce?M-2.

Therefore, (\/_ € y'/e; eE,)) is bounded uniformly in LIOC(RS, '(eQ)).

2
k

(6.43)

From and (643), we have BP°(y,&) = V& End>5(%' )A o+
Zk 1 2y 25,( (R; H’ (eQ)). As a conse-

quence,we obtain ( H(RY)).

loc

) is bounded uniformly in I?
[3 ) is bounded uniformly in I_2 (]R‘jl H,

loc
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STEP 5: Now, we are ready to pass to the limit € — O in the equation (6.37)). In
view of equation (6.38]), equation (6.37)) becomes

AS(£)BE (thou )+ VB J}Rd (Pou) (x)e *Foe (x; &) dx =

By (Pof)(E) + BPg°(E) + BYhe(E). (6.44)

Let us denote Y>¢(&) = JRd (woue)(x)e_"x"‘*@(x; &) dx. Let K; be a compact subset

of Rg. From the previous step, we have

5 55
V> 206,) S BT M2 (k=1 1)

Hence, T>¢ is bounded in L[5 (R¢) independent of § and e. Therefore, it

converges weakly to Y® in [?

1OC(IE{S) for a subsequence. Once more, since the

sequence Y>¢ is bounded uniformly in §, the weak limit Y° is also bounded
uniformly in 6.

The proofs of convergences of all terms except the second term on LHS in
follows the same lines as in [CV97]. Therefore, passing to the limit in (6.44) as
€ — 0 we obtain for & € R4

1O

! 0o
2 Oy 0my

an

i, (%—‘i’(x)u* (x)) (6), (6.45)

()& &ttt (£) + VBT (£) = (bef](E) —( (x)c;;(x)) (&)

where o} is the weak limit of the flux ag,(x) %ﬁ (x).
STEP 6: Now, we may pass to the limit in equation (6.45) as 6 — 0. Using
Theorem |6.12, Lemma |6.10, and the uniform in & bound for Y?, we obtain the

following equation.

(x)o;(x)) (£) - iakq:;l(a“")

9o 9o
aXl

an

qiéx&abot* (&) = (Wof) (&) —(

where o} is the weak limit of the flux ail(x)%(x).

The rest of the steps involving the identification of o} and the homogenized

equation are the same as in [CV97] and are therefore omitted.
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6.9 COMMENTS

This chapter ties in thematically with the rest of the thesis. As in previous chapters,
it was difficult to directly analyze the original operator and hence an approximation
was employed. The kind of bounds that appear are reminiscent of the method of
vanishing viscosity in conservation laws.

The problem also seems to be amenable to a different kind of analysis. Instead
of solving the regularized Bloch problem, one could create a subspace of H' periodic
functions that only live on the “hyperplane” defined by the matrix A, i.e., it is
constant along the orthogonal directions. One could do a Bloch decomposition
of the degenerate operator in this subspace. Indeed, the cell problem too could
be posed in this space. However, it is not clear whether its solution matches up
with that of the standard cell problem. The subspace appears to be too small for
homogenization.

Duerinckx et. al. [DGS18] argue that the spectrum of the shifted operator
corresponding to a degenerate operator or a quasiperiodic operator is pure point and
dense. We are however able to achieve a discrete spectrum through regularization

of the operator. This turns out to be sufficient for the purposes of homogenization.



APPENDIX A

PERTURBATION THEORY OF
HOLOMORPHIC FAMILY OF TYPE (B)

In this section, we show that a perturbation in the coefficients of the operator A
gives rise to a corresponding holomorphic family of sectorial forms of type (a).
Further, the selfadjointness of the forms coupled with the compactness of the
resolvent for the operator family ensures that it is a selfadjoint holomorphic family
of type (B). For definition of these notions, see Kato [Kat95].

Let A € M; and B = (by) be a symmetric matrix with LEO(Y, R) entries.

Then for 0 < ”B” , A + 0B belongs to M, where « is a coercivity constant for
A, as in . For a fixed np € Y’ and for o, := 31> let us define the operator

family
AMo) (1) = —=(V+ino) - (A +1B)(V+ino), TeR,

where R = {z € C : |Re(z)] < 0p,|Im(z)] < 0p}. For real T, —0y < T < 0y,
A + 1B is coercive with a coercivity constant «/2. The holomorphic family of

sesquilinear forms t(t) associated to operator A + t8B, with the t-independent
domain D (t(1)) = H; (Y), is defined as

ou ov

d
oy ayk Y

t(t)[u,v] = JY(GkL(U) +Tbu(y)) =— dy + anLJ (aa(y) + thu(y))u

Y ayk

ou _
dy +ﬂ01ﬂ0kj (a(y) + thi(y)) uv dy,
1

~ im0 | (ouly) + Tbiy) T Y

where 1Mo = (Mo,1,Mo,2 - --,MNo,a) and summation over repeated indices is as-

sumed.

Theorem A.1. t(t) s a holomorphic family of type (a).

147
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Proof. The quadratic form associated with t(T) is as follows

(ol = | owly) + Pouly)) g dy -+ ins | (analy) + ebia(y) uges dy

ayk
) _ou _
— mo,kJ (aa(y) + tbhia(y)) u_ayl dy +T]o,kﬂo,1j (aa(y) + b (y)) uu dy.
Y Y
(1) t(t) is sectorial.

Let us write T = p + 1y, then the quadratic form t(t) can be written as the
sum of its real and imaginary parts:

t(t) = Rt(t)[w +173t(7t) [u]

where the real part is

(7)) = | (@) + pouy)) 3o dy -+ ino | (aaly) + pbia(y))
Y Y1 0y Y

u—ud
ayk y
. _ou
- mo,kj () + pbu(y) T
Y

ou: dy +no,kno,1j (an(y) + pbu(y)) v dy,

Y
(A1)
and the imaginary part is
ou Ju ou
Jt b d 21 b d
(1)) = | ybuly)go g dy — 21m (g | voulyhug ay)
+ﬂo,kﬂo,1J Ybia(y)uu dy. (A.2)
Y
The real part (A.1)) of t(t)[u] may also be written as
Ret(t)ul = | (auly) + pbuly)) 55 - d
: y Ky ky Y1 dyx
. ou
+2Re (lﬂo,lj (aa(y) + pbi(y)) us— dy)
Y Yk
+ nO,kT]oJJ (ar(y) + pbu(y)) uu dy. (A.3)
Y

The first term in (A.3) is estimated from below as follows

ou ou
aw(y) + pb ———d J Vul* d A4
L( w(y) +p kl(y))ay 0yr y =2 7 Y. (A.4)
The second term in (A.3) may be bounded from above as follows

. ou
Re (an,IJ (an(y) + pbuly)) ua dy) < C1H“||L§(Y)HV1L||L§(Y)
Y

C
2 1 2
< GGty y, + & lIVuli,

x
= Caltulfy ) + 19wl

- (A.5)
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where C, 4C‘

The last term in is estimated as

and Cl, C, are some constants independent of u and p.

Moot L (a(y) + pbu(y)) uw dy < C3||U||i§m> (A.6)

for some C; > 0.

Finally, combining (A.4]), (A.5) and (A.6]), we obtain

06
R > Tl — Calluls g, (A7)

for some C4 > 0.

Estimating the imaginary part (A.2) from above, we obtain
IR < CollVully g + CellulPy (A.8)

for some positive Cs, Cs.

Now, choose a scalar C; so that C; = ‘%.

The inequality (A.7)) may be written as
() + Cllully g+l > STy + e (49)

Now, we define a new quadratic form f[u] := t[u] + (Cs + )IIuIILZY, then
inequality (A.9) becomes

~ 0.6 C6 2
Rt 2 Gy, + &l - (A.10)
This may be further written as
Rt(t)[ul — ZHuIILu ZHVuII )+ C—7HuIIL§(Y)- (A11)
On multiplying throughout by C;, the inequality (A.11) becomes
Cr { R — Sl b > CslIVulR, , + Celhul? (A.12)
7 a2y (= L2(Y) el 2 () :

Since Jt(t)[u] = Jt(t)[ul, combining the inequalities (A.8) and (A.12), we

obtain
i)l < G {sﬁ%m [ul - g‘lluili;m} ~

This proves that the form () is sectorial. However, the property of sectoriality
is invariant under a shift. Therefore, t(t) is sectorial, as well.

(i1) t(t) is closed.
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This follows from the inequality (A.10). If u, {TCOTET9Ence, ., then
Rt(t)[un —um] — 0 as n,m — oo. By (A.10), (u,) is a Cauchy sequence in
H;(Y). By completeness, there is v € H;(Y) to which the sequence converges.
However, t-convergence implies L? convergence, and therefore, u = v. Clearly,
t(t)[u, —u] — 0.

(ii1) t(7) is a holomorphic family of type (a).

We have proved that t(t)[u] is sectorial and closed. It remains to prove that

the form is holomorphic. This is easily done since t(t)[u] is linear in T for each
fixed u € H; (Y). o

The first representation theorem of Kato ensures that there exists a unique
m-sectorial operator with domain contained in H;(Y) associated with each t(7).
A proof may be found in [Kat95, p.322]. The family of such operators associated
with a holomorphic family of sesquilinear forms of type (a) is called a holomorphic

family of type (B). The aforementioned m-sectorial operator is given by
AMmo)(t) = —(V +1ino) - (A +TB)(V + ino).

It follows from the symmetry of the matrix A + TB that the family A(ny)(T) is a
selfadjoint holomorphic family of type (B). Moreover, by the compact embedding
of H; (Y) in Lg(Y), the operator A(ny)(t)+ C*I has compact resolvent for each T € R
for some appropriate constant C*, independent of T € R.

Hence, by Kato-Rellich Theorem, there exists a complete orthonormal set of
eigenvectors associated with the operator family A(ny)(t) which are analytic for

the whole interval —oy < T < 0y.
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